E The Chronic Sections Ё 


° John Clark cy 
e 


е Wednesday, November 17, 2021 — у 


The Chronic Sections 

Thursday, November 18, 2021 

What is the important concept in regard to the so-called conic sections? 
In case one did not notice it, the Elements of Euclid deals with what may 
be called static figures, the simple figure. Conic Sections embodied the 
minds step into the world of dynamic figures, figures produced by the 
elementary figures themselves. What this means is that the division in 
geometry is not from plane figures to solids, but from static figures to 
dynamic figures. How one can claim that we divide between plane and 
solid figures while working on the same piece of paper is rather odd. Every 
binary grammar, and every grammar is binary, can be written on the same 
piece of paper. Only an idiot goes looking for a n'^ dimensional notebook 
in order to write the story of Alice in Wonderland. An engineer looks for 
ways to produce material things, a grammarian sticks with their plain old 
flat piece of paper and writing tools. 

Binary recursion affords us four distinct systems of grammar: Common 
Grammar, Arithmetic, Algebra and Geometry. The correct learning of 
grammar recognizes that we are learning this binary grammar matrix. So 
let me go over once again, in a concise format, how we go from the 
definition of a thing, any thing as a binary construct which produces four 
systems of grammar and how, by a simple revelation, we come to 
understand that binary recursion produces a binary result, no matter how 
it is transformed into these four grammar systems, the result being, we 
always say the same things about the same things. We are not those who 
pretend to be geniuses who believe that they can invent languages, 
grammars, which all contradict one another like it is normal to wake up 
in the morning and dry our hair with our microwave oven. 


Therefore, if we are to become literate, we take a figure, a simple dynamic 
figure which, draws a locus. We then write the equations to that figure. 
After we have the equations, we write the geometrical figure which 
processes algebra to draw the very same loci. I call it Jacob’s Ladder, since 
I discovered it, and since when laid out it does look like a ladder: (Don’t 
make me take my toys home!) Thus, we have the figure produce the 
algebra, then we use the algebra to produce the figure. 

This process will allow us, after a life-time of searching, to answer the 
question, which came first, the chicken or the egg, and simply answer, in 
an identity, there is no first or second, an equality does not produce a 
difference. 

As I said long, long ago, a literate child should be able to prove that the 
Einstein’s and Hawkins, of the world, who claim to be able to predict even 
the birth and death of the Universe, of reality itself, yet who never once 
demonstrated that they could predict the movement of their own hand, 
were simply illiterate. 

In order to step up from the static figure, defined in terms of two tools, 
straightedge and compass, to step up to dynamic geometry, we transform 
these two tools into the intelligible which allows us to follow the literate, 
that geometry, as a grammar, affords that grammar like any other, through 
binary recursion. The segment is our unit, the compass allows us the 
recursion of that unit, so if one cannot see that the compass, recursion, 
loci, are all synonymous as we only have, by binary fact, two concepts to 
master, then they cannot even imagine a solution to the Delian Problem, 
while, on the other hand, I solved it not only using a static figure, but show 
how to do exponential progressions for any root series. Our job in learning 
how to become literate, is simply how to learn to say the same things, 
about the same things, no matter which of our four systems of grammar 
we use, our aim is to pair them in order to derive the greatest utility from 
binary recursion in order to do our biologically defined job. At some point 


in our mental evolution, we finally have come to the conclusion, that the 
recursion of the compass, is still a product of that very same compass. 

After all that hard thinking, I need a vodka and coke and while I relax, I 
will go over it again. As the compass allows us to recursively apply the 
unit, then is it not also inferred that we are also admitting the result of 
recursively, dynamically, applying that very same compass? Maybe I need 
a beer chaser to help carry on. Moving on: 

And all this education has an added bonus, it will give you a start on 
how to help cure all those mental invalids, scribbling with so called logical 
operators, symbolic algebra, and algebraic geometry, Cartesian Geometry 
and Trigonometry, etc. Someone has to help them grow a brain and that 
someone could be you! 


Meanwhile, I will continue, at least for a while, to develop this project 
until I am somewhat satisfied with it. 


Demonstration ordering (subject to change without notice) 
O1. The Conchoid 

02. The Conic 

ОЗ. Curve of the Equation 

04. Infinity 

05. The Perfect Heart 

O6 Rose Bud 

O7 Tear Drop 

08 The X-Files 


The Conchoid 

Thursday, November 18, 2021 

Sir Thomas Heath can give you any real world information on the 
conchoid, I just decided that it should be illustrated in a clear manner and 
with a bit more of a literate explanation. I may eventually write up the 
equations for it, but not today. 

As one can see from the illustration, it can be written up as a simple 
ratio, but since I have absolutely no use for it, it is highly unmotivating. 


The Conchoid. 


жан ин 


The Conchoid 


Changing the pole length. 


The Conchoid 


10142016 


I found some of my old notes on Heath. Heath mentions this in his Euclid's Elements. His graphic and explaination was not very good, so I 
decided to draw what he was describing and then maybe I will, at some time, tackle writing up the equations and doing some research on how it was 
used. See what I can come up with. I do not understand why it is thought that it produces different curves when every one of them all have the 
same equation. If one wants to think they can classify all the curves by how they look, what will they do with BAM? Way too much appearance over 
reality. It makes it easier to understand when one can gather it all in with a glance. 

Seems to me, if one can draw it using the language, one can write the equations. If one can write the equations, one can write the equations to 
what it was used for. 


As the figure uses the unit for 
construction, it is a valid geometric 
construction just like the circle. When 
drawn correctly, it is easy to find any 
point one desires. 


If one can actually solve all the 
problems one wants with this, as they 
say, then I guess that is that, all one 
has to do is fill in the blanks. 


So, this should be a nice little diversion 
if I get the opportunity to write it up. 


It is not any more difficult to write up 
than the conic sections. 


The Conchoid 
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Мз 
Νι = 2.00000 w; 7 060000 
Мә = 5.00000 й 
Мз = 3.00000 Ni, = 1.20000 
Na = 5.97644 x, = 1.20000 


The Oxford dic. has a better def. than what I seen online. Not exactly sure that a curve cuts it 
though; it is actually two distinct curves. I do not believe that if one groups two curves, they 
then can call it a curve of two branches. Sounds rather illiterate to me. Secondly, the line from 
the pole does not determine the division between the curves and asymtote unless one is a 
banker, a lawyer or a government official cutting things in half. That pole line is through two 
different places of the curves. And quite frankly, it is not quartic curve, it is just another ratio. 
There are several vantage points from which to write an equation. All of the equations can be 
referenced from the starting circle's line and the distance from the centers. Only an ill trained 
bumbling mathematician would dice something simple up and call it quartic, why not myoptic? 


noun Mathematics a plane quartic curve consisting of two separate branches either side of and 
asymptotic to a central straight line (the asymptote), such that if a line is drawn from a fixed 
point (the pole) to intersect both branches, the part of the line falling between the two branches 
is of constant length and is exactly bisected by the asymptote. 


So, after a couple of thousand years, no one can still describe the thing right? 
A chonchoid is a group of two curves produced using a fixed point and the 
limits of the diameter of a circle which is recursively moved from that pole 
point along the horizontal axis. Trim it up a bit, and one has the making of 
Yosimity's Sams face looking for Bugs Bunny. 


The Conic 
Friday, November 19, 2021 
I have been working on a project for conics, even produced a 
Compendium of Conics, and How to Draw a Conic. 


I found, when I went to study the literature, the poverty of the authors. 
They could not describe it correctly, nor correctly explain its equation, 
much of the same is on the internet. The amount of obfuscation involving 
one of the simplest curves is rather enlightening, but how it is, that after 
two-thousand four hundred years, the correct expression, in a simple and 
clear fashion, never evolved is rather disturbing. 

I do, however, find solace in being able to use the situation to justify my 
coffee addiction. 

The conic sections resolve to the a given ratio, and like all ratios 
expressible between O and 1 and whose sum is 1, and its recursion in 
relation to a right triangle. 


Unit. AB - 1 
Given. 
Ζ:- .6666666 
x := 1.60090 
Descriptions. 
Bz АВ -Bz 
Bz := АВ-2 ес — BC- 
2 2 


Dx:= ВС.х ВЕ:- Dx Ву - BE 


Bx := x АВ xy -- By? = Bx? 
Definitions. 
l-z l-z 
В2-(1-2)-0О0 е- ВС- -0 
2 


LatusRectum = ВС LatusRectum -e = О 


х (1- 2) х (1- 2) 
Рх------0 BE -——— = 0 
2 2 

х-(1-2) 
Ву------0 Bx-(x-1)-0 
2 
3У(К-2)(к-2-2-х-2)| 
ху----------------- = 
2 
y:- xy 


(Х-2)4х-2-62-х-2) 


2 


Conic by Deduction 


Historically, the conic is defined by its eccentricity called e. However, 
one can say that a conic is a locus formed by a right triangle using a 
point from the vertex of a point common to the hypotenuse and 
opposite side of that triange at 1 and the ratio set by any point z 
between О and 1. The term concic section is derived from a metaphor 
of one example of the curve and so called solids. It is also traditional 
to botch not give the equation of the conic, or to give it incorrectly. 
Given z, describe the conic. 


z = 0.66667 
x = 1.60090 

BC = 0.50000 
y = 0.52881 


Limit N 

mur па |B x | 

| | | X-Z).((x*z)-2-x-z 

| | | OE ARE). cd 

| | | 2 E idi 

| | | J(x-z)((x*z)-2-x-z 

| | | шан. = 0.006066 

| Ж | 2 
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Unit. AC:= 1 


Given. 
D :- 1.45843 
х:- 2 
Descriptions. 
1 АС ВС 
АВ := 1-- BC: АС- АВ СС- 
х АВ 


DE - CG-D СЕ: DE Cy-DE CD-D-1 


У := ү Су2 - cp? 


Definitions. 


CD-(D-1)-0 


y (2-.D*x-D.x- 1). (D:.x-x- 1) 


Y жар 7? 


Conic by Induction, i.e. x and D are givens. 


x = 2.00000 
D = 1.45843 


1 
1-— = 0.50000 
x 


B = 0.50000 
CG = 1.00000 
y = 1.38451 


.(((2-D+x)-D-x-1).((D-x-x)+1) 


x-1 


y = 0.00000 


Computational Geometry 


/((B-A)(A*B)-2-A-B)) f ue E 
oo = 1.66742 Additions 


R = 1.66742 
4((КВ-А)-(А-В)-2-А-В)) 
А 


-R = 0.00000 


Subtractions _ F 
B = 2.15715 Τ 


Ф 
А = 0.51523 | 
С = 1.11143 | 


> ааа eee 


— A. 


A.B-C = 0.00000 
D = 2.22286 
2.A-B-D = 0.00000 | + ——7 
E - 2.67238 027 P p 
(A*B)-E = 0.00000 Ta F. 

F = 0.44952 
(A+B)-2-A-B = 0.44952 
G = 1.64191 

B-A = 1.64191 


Ω 
100 
NO 


Multiplications , 


Divisions и 


(B-A)-((A+B)-2-A-B) = 0.73806 
H = 0.73806 
x; = 0.85911 


4(-А)-(А-В)-2-А-В)) = 0.85911 


R = 2.87422 


.|(A-B)-((A+B)-2-A-B) 


-R = О. 
А 0.00000 


B = 0.46541 
A = 0.02632 
C = 0.01225 
A-B = 0.01225 Additions || .-- 
D = 0.02450 
2-A.B-D = 0.00000 
E = 0.49173 
(A+B)-E = 0.00000 Р 
Е = 0.46723 Subtractions |/ 
(А+В)-2.А.В = 0.46723 
((A+B)-2-A-B)-C = 0.00572 
G = 0.00572 


Wrapping а Can. 


DC 
Multiplicationg 


By making a small change in our 
equation, A - B at the top to AxB, we start 


/(А-В)((А%В)-2-А.В) = 0.07566 


H - 0.07566 from a straight line, and end up with a 
H 27 perfect circle instead of a point. 
AT 2.87422 Divisions | - I noticed that Discartes made the 


mistake in his Geometry of imagining 
that a conic ended up in a circle, 
however, these are two different 

| equations. 


Squares 


R = 1.09202 


.|(A-B)-((A+B)-2-A-B) 


-R = 0. : 
" 0.00000 


lim 


B - 1.41475 
A = 0.52939 пазе 
С = 0.74895 танг Р x в 
A-B = 0.74895 Additions | | 

D = 1.49790 | | 
2-А-В-р = 0.00000 E Мж 
E = 1.94414 a 128 


(A+B)-E = 0.00000 Р 
Е-0.44623 Subtractions | 27 
(A+B)-2-A-B = 0.44623 | 
((A+B)-2-A-B)-C = 0.33421 
G = 0.33421 


Эг 
Multiplications Й | 


J(A-B)((A*B)-2-A-B) = 0.57811 
H - 0.57811 


= | By making а small change in our 
22. Ре de ut equation, A - B at the top to AxB, we start 
A 99592 ыы < Б | hom a straight line, sud end up with a 
EUN | perfect circle instead of a point. 

LI | I noticed that Discartes made the 
£ | mistake in his Geometry of imagining 
ГЭЭ that a conic ended up in a circle, 

“ы however, these are two different 


Squares + '" — equations. 


R = 0.55900 


/(А-В)((А%В)-2-А.В) 


-R = 0.00000 
A 


B = 0.46541 
A = 0.77281 
C = 0.35967 


A.B = 0.35967 Additions |. 


D = 0.71935 
2.А.В-Р = 0.00000 
Е = 1.23822 

(А+В)-Е = 0.00000 


F = 0.51887 Subtractions | 


(А+В)-2.А.В = 0.51887 
((A+B)-2-A-B)-C = 0.18662 
G = 0.18662 


Multiplications с 


.|(A-B).((At+B)-2-A-B) = 0.43200 
H = 0.43200 


A = 0.55900 Divisions // 


Squares 2 


lim 


Wrapping a Can. 


By making a small change in our 
equation, A - B at the top to AxB, we start 
from a straight line, and end up witha 
perfect circle instead of a point. 

I noticed that Discartes made the 
mistake in his Geometry of imagining 
that a conic ended up in a circle, 
however, these are two different 
equations. 


A = 1.00000 

B = 0.82532 

— € — эн... | J(A-B)-((A*B)-2-A.B) = 0.37969 

1 x J(A-B)-(A+B-2-A-B) 
A 

/В-(1%В)-2-Б) = 0.37969 

/(А-В)((А%В)-2-А-В) 
А 


- 0.37969 


- /B-((1*B)-2-B) = 0.00000 


lim 


R - 0.37969 


J (A-B)-((A+B)-2-A-B) 


A 


By making a small change in our 
equation, A - B at the top to AxB, we start 
from a straight line, and end up with a 
perfect circle instead of a point. 

I noticed that Discartes made the 
mistake in his Geometry of imagining 
that a conic ended up in a circle, 
however, these are two different 
equations. 


-R - 0.00000 


Wrapping a Can. 


The Curves of the Equation 

Friday, November 19, 2021 

Our most basic curve is, of course, the circle and it has a very simple 
equation, АА x B = C unless, of course, you are claiming to a Cartesian 
who actually thinks drawing graphing paper is the results of the concept 
of binary recursion. The sum of the two segments for the circle, just like 
in the conic, is simply 1. A+ B= 1. Thus, the opening stipulation for conics 
is the unit and the unit ratio and the different ways to express it in drawing 
one’s equations. If one think about it just a little, they will then realize that 
there is no actual special defining characteristic for a conic which is not 
applicable to all of geometry. The term Conic, is factually jargon, a result 
of a mind trying to grasp a distinction between static and dynamic 
geometry. 

Conics, actually example, what happens when a mind gets stuck, it 
loops over and over, and never realizes how to break out and develop the 
idea it is stuck on. Conics represent both a solid pedantry on examining a 
particular figure, and an impoverished mind which cannot develop the 
ideas being presented to it. 

One can actually, then, draw the circle using a straight line as | 
demonstrate in the Curve of the Equation. Imagine that, geometry which 
is the result of straight lines and their ratios, what a concept, I think I will 
patent it, copyright it, embellish it with gibberish, and make a fortune! And 
so, to alleviate all boredom, I use that circle to demonstrate a method of 
exponential series because while we mostly think of the equation for the 
circle as something which takes place in the interior of the circle, we have 
it take a trip outside the box, or igloo if you like. 

Keep these figures in mind when you get to the X-Files, as one can then 
combine the figures to fully develop their machinations both inductively 
and deductively. 


00 = 2.34950 cm 


No0 = 10.11767 cm No = 4.30631 
. . -- . 9 | 
2 N3.N5-2.N5 N40 = 7.59534 cm Νι = 3.23275 
PUE WE CEN = 4.2 1 7 ` 
N3 -2 Να +2 N50 = 13.47764 cm М = 5.73638 
ΝΊΟ.Ν2Ο-Νρ02 = 0.00000 cm? М1.М2-М02 = 0.00000 


Curve of the Equation. 


М1 = 9999999999 


Nə = 7 
N3 =4 
AB := Ny 00 = 4.61433 cm 


No0 = 2.30717 cm 


AD:= N> ВС- AD ΝΙΟ = 1.73199 cm 


AB Ν20 = 3.07335 cm 
АЕ = Να ΝΊΟ.Νρ0-Νρ02 = 0.00000 cm? 
ВС-ВЕ ЕС-АВ 

ВЕ-АВ-АЕ FG- — BL := a CL := BC - BL No = 0.50000 

Мі = 0.37535 
CL.AF AB. BL 

DE - АЕ: AD- DE -/ВЬАЕ-Ар-0 JN:= ———— Na = 0:6660% 
BF AE +BL 


N,-Nə-No2 = 0.00000 


After one acquires the equation, even if one put O in 

for the unit of the geometry, the equation remains the 
same for a circle and ellipse. This means, that no matter 
how one envision the circle, larger than largest or not at all 
its definition remains the same. 


AB шэн ІК--------<-0 1К-42 


Y (2 Proportion is independent of the naming convention. 


2.N3.N5 - 2. N5 Ё 00 - 2.34950 сш 


4.2 
2 No0 = 10.11767 сш 5 
Н,2-2-Н, 2 ο No = 4.30631 
N10 = 7.59534 ст N, = 3.23275 
N20 = 13.47764 cm Νο = 5.73638 
Curve of the Equation. N40.N50-N902 = 0.00000 cm? N,.N5-Ng2 = 0.00000 
№ = О 
Ма - 7 
Ny =4 
AB = Ny 


AD := No BC := AD 00 = 4.61433 cm 


AB No0 = 2.30717 cm 
AF := но ΝΙΟ = 1.73199 cm 
ВС-ВР FG-AB 3 N20 = 3.07335 cm 
ВЕ := АВ ΑΕ FG:= “АВ. BL := —AF CL:- BC- BL ΝΙΟ.Ν20-Νρ02 = 0.00000 cm2 
CL.AF AB -BL = 
DE - AE:=AD+DE -/БІ.АЕ-Ар-ш JN:= — — ΤΕ 
ΒΡ | N, = 0.37535 
X Nz = 0.66604 
№ N,-N5-Ng2 = 0.00000 
127“0 5 
After one acquires the equation, even if one put O in 
for the unit of the geometry, the equation remains the 
same for a circle and ellipse. This means, that no matter 
how one envision the circle, larger than largest or not at all 
its definition remains the same. 
M 
AE. JN 
ΒΝ = ———— ІК := 2.BN 


АВ := 1 
Given: 
N4 - 2.75805 
No := 79464 The Curve of the Equation: 
Find EJ. Expressing a circle as a linear function. 
Descriptions: 

N2 DF 
AD := AB - — DF := Мо (AB - AD) ВН := — СН- Мә-ВН 

Ny AD 

CH-AD 
CK - AB- AD РМ. = AP := No + РМ. 
CK 
АВ -AP CH-BE 
AE = —W— ВЕ - AB- AE HO - EJ := BH + HO 
AP + BH CK 
Definitions: 
2 
2.N2 (Мі - Νο) 
EJ – а ае О 
νο” 
J/ AP BH -Nə = 0 АР-(М -N ) -0 ВН------0 
2 1- Νο Ñ SN 
1 2 
Na. EJ нүз 2 2 
. + No5 + Nə -EJ 
2 2 2 2 
(91-1) 
-= № = 0 


S о Notice that EJ is not expressed as а root function. 


Given: 


EJ = 0.552689 
AE = 0.859253 


Find N, an Nə: 


EJ EJ - BH 
H-——— -0 ВЕ-(АВ-АЕ)-0 АР-ВН- = 
2-АЕ BE 
N, - BH No No 


Мо - BH:AP = 0 СК-ВЕ- вн 0 Мі ск 0 хиаг ын 


Given N, an N>: find EJ. 


Descriptions: 
N АР-М 
2 2 
АР-(81-82)|-0 СК----0 Н-| аа οκ) ΟΚ-ο  BH-(N5-CH)-0 
Ny АВ CK 
2 
ар aA 2.N5~-(N, -N 
АР -BH 1 42 Ng ( 15 2| 
АР+ВН 9 PJ 2 а 9 δ 29 
Νι Nə+ 


S a Notice that IK is not expressed as a root function. 


2 
нә(2-8ҙ-2-5; ) 


E - 0.779338 
213 -2-М,-1 


м; = 3.51896 
Nə = 5.95313 
Ns = 54930 

AB:- Ny 


Ар = N> BC:= ΑΡ 


AF := Ns АВ 


BC. BF ЕС-АВ 
BL = 


= CL := BC ВІ, 
AB AF 


ВЕ := AB- AF FG:= 


AB- BL 


| CL-AF 
i (AE + BL) 


BF 


DE: AE:- AD- DE BL AE-AD-0O JN:= 


AE.JN (2. - 2. 2 
- ІК 2.BN Мо 2 М3 2. N5 


ве ІК----------%-0 


AB = 3.93700 cm 


BC = 1.96850 cm BF = 8.48783 cm 
AD = 1.12312 cm AH = 11.04921 cm 
BE = 3.45019 cm BI = 6.52022 cm 


JBE-AD-BC = 0.00000 cm 
/АН-ВІ-ВЕ = 0.00000 cm 


[Doc N[2] 
| Doc N[1] 
[Move №] > 1 OD = 22.03733 cm 


— 2 OC = 5.50933 cm ос 7 00000 с а sn 
[Move М] > 3] OB = 11.01867 cm 


| Move N[1] > 4 OB 
[Move Μη] Эв. 
| Move N[1] -> 6 OA 0090908 
N2 рһәемп>2 00000-06 

7. [Move м2] > 2 
| Move N21 > 4 
| Move М21-» 6 
| Move N[2] -> 8 ` 


Unit = 7.59883 cm 
n2 = 7.59883 cm 
n; = 15.19767 cm 
Νι = 2.00000 

Ма = 1.00000 


Ir 


Pd Ἂς μον 2 
ША. 1 Show Іпегвесііпе| 0 ` 


ЗЭ ΜΗΝ ЕЕ = 2.48574 ст 
GH = 9.94295 cm 


ОО = 4.61433 cm 

№0 = 2.30717 cm 
N40 = 4.30019 cm 
N50 = 1.23786 cm 


N40-N40-Ng0? = 0.00000 cm? 


Мо = 0.50000 
N, - 0.93192 


Nə = 0.26826 


М1-М2-М02 - 0.00000 
/М1-Мо-Мо - 0.00000 
One is used to taking the equation for the 


circle from the inside. Today, however, it is 
going for a walk in the sunshine! 


00 = 2.34950 cm 
М00 = 10.11767 cm 
ΝΙΟ = 7.59534 cm 
М20 = 13.47764 cm 


N,0-N,0-N,02 = 0.00000 cm? 


No = 4.30631 
N, = 3.23275 
М2 = 5.73638 


N; Ма Мо? = 0.00000 


No 


B = 1.20000 


D = 1.72800 ВЗ = 1.72800 


E = 2.48832 В5 = 2.48832 
F = 4.29982 ВЗ+5 = 4.29982 


В = 1.25000 Р = 1.56250 B2 = 1.56250 В2-5 = 0.51200 


Е = 3.05176 В5 = 3.05176 


1 
F = 0.51200 B3-0.51200 B3 O 


Ny 
= 1.21010 
М1- 
Ny 
— = 4.75966 
А 


A2 = 1.46434 
A3 - 1.77200 
A^ = 2.14429 
А5 = 2.59480 
А6 = 3.13997 
A’ = 3.79967 
A® = 4.59798 


A = 1.21010 
B = 1.46434 
C = 1.77200 
D = 2.14429 
E = 2.59480 
F = 3.13997 
G = 3.79967 
H = 4.59798 


А2-В = 0.00000 
АЗ-С = 0.00000 
A^-D = 0.00000 
А5-Е = 0.00000 
А6-Е = 0.00000 
A7-G = 0.00000 
А8-Н = 0.00000 


а 

СЗ = 1.46434 
4 

сз = 2.14429 
3 

СЗ = 2.59480 
T 

СЗ = 3.79967 
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СЗ = 4.59798 
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One of the methods of teaching exponents is 


2 


СЗ-В = 0.00000 


4 


C3-D = 0.00000 


5 


C3.E = 0.00000 


7 


СЗ-С = 0.00000 


8 


C3.H = 0.00000 


Νι 


4 
Е5-р = 0.00000 


H = 0.86172 


A = 1.16047 
B = 1.34670 
C = 1.56280 
D = 1.81359 
E = 2.10462 
F = 2.44235 
G = 2.83428 


1 
М18-А = 0.00000 
1 


N1 4.В = 0.00000 
2 

№ 8-C = 0.00000 
1 

N,2-D = 0.00000 


A3.A8.A11 = 0.00000 


5 

М, 8-E = 0.00000 
ы 

N, ^-F = 0.00000 
7 

N4 8.6 = 0.00000 


А9 = 1.00000 
A! = 1.16047 
A? = 1.34670 
АЗ = 1.56280 
A^ = 1.81359 
A5 - 2.10462 
А6 = 2.44235 
A" - 2.83428 
А8 = 3.28910 
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N,° = 1.00000 


ΝΙ1 = 1.50898 


М1:3 = 0.29104 
№2 = 0.43917 
N,'1- 0.66270 
№2 = 2.27703 
N,° = 3.43599 
№ = 5.18485 


R4 


R, - 0.29104 
Ry = 0.43917 
Ез = 0.66270 
R4 = 2.27703 
Rs = 3.43599 
Rg = 5.18485 


Νι = 0.88618 


N,-2? = 0.11077 
N,.22 = 0.22154 
N,-2:1 = 0.44309 
N,.2? = 0.88618 
№21 = 1.77236 


N,-22 = 3.54472 
1 


N1:23 = 7.08943 


R, = 0.11077 
Ел = 0.22154 
Ез = 0.44309 
R4 = 1.77236 
Rs = 3.54472 
Ες = 7.08943 


OR, N,+1 -1 


OR, М, 
Мү+1 Міні 
= 1.42857 "Мі = 3.33333 
Ny Ny 
1 N,*12 
Νις х, Ni = 476190 
— = 1.42857 1 
Κι 
Кү JR Rs, Ni R4 


R, = 0.80033 
К. = 1.14333 
Rs = 1.63333 
R4 = 3.33333 
Rs = 4.76190 
Ες = 6.80272 
R; = 9.71817 


R5 


-Ві = 0.00000 


№ 
x) 
№ 
mi) 
№ 
τ) 
Νι 
759, 
№ 
πα) 


-Β2 = 0.00000 


-Bs = 0.00000 


-B4 = 0.00000 


-B5 = 0.00000 


Νι 9 = 0.38115 

0- 
N10 = 1.00000 ү, 2. 0.52569 
№1 = 1.37923 Ny! = 0.72504 
ΝΙ2 = 1.90227 
Nj? = 2.62366 
N,^ = 3.61863 


N41. -B6 = 0.00000 


Ny 
N4T— 
lw 


-B7 = 0.00000 


Rg 


Ri = 0.38115 
R2 = 0.52569 
Ез = 0.72504 
R4 = 1.90227 
Rs = 2.62366 
Ες = 3.61863 


B, = 1.38620 
B2 = 1.91189 
Вз = 2.63694 
B4 = 3.63694 
Bs - 5.01616 
Bg - 6.91843 
B; - 9.54210 


— = 1.28271 
Κι 
Νι2 

= 1.23153 
N,*1 


Νι2 -3 

Nr wari -К1 = 0.11604 
Νι2 -2 

еі -R2 = 0.09720 
Νι2 -1 

ΝΠ. Ἔα 0.06107 


№2 

NUN κα - -0.09647 
Νι2 2 

Nrg Rs = -0.24255 
Νι2 3 

NU N +1 -Кє = -0.45743 


One of the ways I learn the equations to a certain 
experimental configuration is just to putz around 
with the values. here, I am projecting on the 
backplane. If I cannot figure it out, it tells me I got 
to grease up Mathcad and write it up step by step. 


R, = 0.89311 
Б = 1.14560 
Ез = 1.46947 
N, = 1.88489 
Ка = 2.41776 
Rs = 3.10128 
Ες = 3.97803 


Νο 1 


2 


Ξ 1.25000 


М2%1-3 


Νι----- 


Ny: 


Мә 


Nə+1 -2 


Мә 


М2%1-1 


-в = 0.00000 


-R, = 0.00000 


-R3 = 0.00000 


Мо+1 
N1: -R4 = 0.00000 
Мә 
Nə+1 2 
N,-——— -Rg = 0.00000 
Мә 
М2%13 
Ni -R6 = 0.00000 
№ 


= 1.53600 


a я 
N μα 
| 1 


= 1.92000 


a 
Qo 
I 


= 2.40000 
Мі = 3.00000 


R4 = 3.75000 
Rs = 4.68750 
Ες = 5.85937 


= 1.18038 


1-- 
Ез 3-1.94130 


R32 = 2.70482 
1 


2+ > 
R$ 3 =3.19272 


Rs3 = 4.44843 


2+— 
Rs 3 = 3.76863 


Rs3 = 4.44843 


Ез = 7.31604 


R215 = 1.64463 
Rp? = 1.94130 
R53 = 2.70482 
В,3:5 = 3.19272 
R24 = 3.76863 


Ε24:5 = 4.44843 


R35 = 5.25085 
Ε25:5 = 6.19802 
R36 = 7.31604 


R42? = 1.39330 
R4? = 1.64463 
БК = 1.94130 
R45 = 2.29147 
R49 = 2.70482 


R17 = 3.19272 
R48 = 3.76863 
R4? = 4.44843 
R410 = 5.25085 
R41! = 6.19802 
R41? = 7.31604 


R, - 1.18038 
R3 = 1.39330 
Ез = 1.64463 
R4 = 1.94130 
Rs = 2.29147 
Rg = 2.70482 


В; = 3.19272 
Rg = 3.76863 
Ro = 4.44843 
Rio = 5.25085 
Ву = 6.19802 
R42 = 7.31604 


№ 


— = 1.63265 
М2-1 


№ 
N,.—— -R = 0.00000 
πο. 
Νο 2 
N,-—— -R, = 0.00000 
N5-1 
N^ 3 
N,-—— -R3 = 0.00000 
N5-1 


Е. Ri, 


Νο -3 
Neg... “Ез = 0.00000 

Νο -2 
Nei -R.2 = 0.00000 
Να -1 


Ni:—— -R. = 0.00000 
М2-1 


Κι N2 


R 3 = 0.34928 
R 2 = 0.57025 
R , = 0.93102 
R, = 2.48169 
R2 = 4.05174 
R3 = 6.61509 


Ν2-1 = 1.44366 


(М-1)2 = 0.47981 
(М2-1)1 = 0.69268 
(N2-1)! = 1.44366 
(М2-1)2 = 2.08416 
(N2-1)3 = 3.00882 


М2-1)4 = 4.34372 
2 


Β 2 = 0.47981 
в. = 0.69268 
R, - 1.44366 
Rz = 2.08416 
Ез = 3.00882 
R4 = 4.34372 


R.2 = 0.49470 


N4?-R.2 = 0.00000 
N,-1-R., = 0.00000 


Вл = 0.70335 
В» = 2.02143 
Rs = 2.87400 
R4 = 4.08616 
Rs = 5.80958 


N4?-R? = 0.00000 


N4?-R3 = 0.00000 
N4^-R4 = 0.00000 
N4?-Rs = 0.00000 


R.3 = 2.37037 


-R, = 0.00000 
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N5 -3 
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N; = 4.00000 


Νο = 3.00000 


JN15 
һа 


IN 
1-1 _ 1.15470 
JN2 


-Rs = 0.00000 


—— -Βι = 0.00000 


-R3 = 0.00000 


3 
-R3 = 0.00000 


Ny 
|а 
/Мү4 
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-R4 = 0.00000 


N. -4 
= -R_4 = 0.00000 
2 

Mz 


-R_3 = 0.00000 


-Б.2 = 0.00000 


-R., = 0.00000 


R.4 = 0.56250 
К.з = 0.64952 
К, = 0.75000 
ΕΙ = 0.86603 


R, - 1.15470 
К. = 1.33333 
Кз = 1.53960 
R, = 1.77778 
Rs = 2.05280 


Νι 


1 


N 
1 м,0-75 


0.55844 


В.о = 0.48275 
-8 = 
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-R_g = 0.00000 


N 


0.64600 
0.74729 


R.7 = 


-8 
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М 
1 Νιο-75 


-6 7 
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0.00000 


-R_s = 
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0.86446 
К.з = 1.15679 
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1 м,0-75 
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-R7 = 


N 


К. = 1.33817 


1.54798 
1.79070 


Rs = 


Νι = 


= 1.54798 


2.07147 


Rs = 


2.39626 
2.77197 


Rg = 


1.79070 


1 N, 9.75 


К» = 


3.20660 


Rs = 


2 Unit. АВ: 1 
Given. С:- .62081 
X := «901259 


Descriptions. 


AB 
BC :=1-C BJ:= BC AG := — 
BJ 


Ар := 2АВ DX:-AD-X FX-/X DX GL:= FX 


BG:- АС-АВ  BX - ,/ (X - AB)? 


BX 

Ү:- GL. — YO =2-Y 
BG 

Definitions. 


1 
ВС-(1-С)-0 BJ-(1-C)=0 А6-----0 


AD-2-0 рХ-(2-Х)-0 ΕΧ--«/Χ.(2-Χ) =0 
с 


GL-4/X.(2-X)-0 вс - тс = 0 


вхо (X- 12-0 
JX-(2-X).(1- €) M (x - 1? P 


С 


JX-(2-X).(1- 6) (Xx - 1? E 


С 


Y — 


YO - 2. 


- Unit = 1.00000 
C = 0.62081 
X = 0.30123 
AG = 2.63717 
Υ = 0.30532 


(2-30 (1-C)../(X-1)2 
zen асали өзе 222 a ΟΥγ(κ-) . 0.00000 
K H 
db ahi αλλ ананын да » 
-" Unit = 1.00000 | Е Е L 
C-0.62081 | ET 

X - 1.59490 | 
: AG = 2.63717 | 
2 Ү-0.29208 | 
EF = 0.80380__ + 


s 


[x.(2-xy.(1-cy-./ (X-1)2 [x.(2-xy.(1-cy-./ (X-1)2 


2 Unit. АВ:- 1 
Given. С:- .56747 The Perfect Heart 
X := .46656 
Descriptions. 


AD := 2АВ BC:=AB-C DX:= AD-X 


Y:=\/X-DX MN:=2-Y BX:= AB-X 


BF:= ВХ-ВС ЕХ.:- (BX-BF)? М.-Ү+ЕХ 


N := FX-Y 


Definitions. 


AD-2-0 ВС-(1-0)-0 рх- (2-Х) -0 


Ү-/Х(2-Х)-0 МН-2-/Х42-Х)-0 


ВХ-(1-Х)-0 ВЕ -(1-X).(1-C)-0 


Unit - 1.00000 


2 2 = 
моз C™.(X-1)"|=0 -- ο - ο.56747 
Unit = 1.00000 н 
N | с2(х-1) ү) B нена Y-0.87130 Ү-/Х(2-Х) = 0.00000 
τ τα οτι = X = 0.43433 E 
Y =0.82463 Y /X(2-X) = 0.00000 М -1.14978  M-(Y«/C?4X-1)2) = 0.00000 
М -1.14563 M-(Y+ /C2.(X-1)2) = 0.00000 М --0.59281 Ν../Ο2.(Χ-1)2.Υ = 0.00000 


N = -0.50364  N-/C2(X-1)?-Y = 0.00000 


The Rose, Bud 


Friday, November 19, 2021 


Is a series of loci all drawn on the same base. I will separate and write 
each of them up, and then have the resulting equation draw them. So, if 
you are wondering why some claim that there are higher plane curves 
which algebra cannot treat of, ask them this question: If Algebra is the 
third point in our grammar matrix, capable of complete induction and 
deduction by simple binary recursion, then do not your words imply that 
you are simply illiterate, effectively saying that binary recursion is, itself, 
different from binary recursion? And, if they are still skeptical, refer them 


to the BAM Sample Dictionary where they can look up an infinite variety 
of curves, all drawn up using simple Algebra. 

If I recall correctly, some of the curves one will find here, I once read in 
a book on calculous [sic], among all the gibberish about it, are simply 
impossible to demonstrate algebraically. I said to myself when reading it, 
Really? Okay, I will burn my work and buy a uniform. Every time I go to 
try and learn something about calculous [sic], I run into authors who 
speak noting but gibberish, not actually explaining anything without 
violating every known principle of grammar. So, I did a special on Newton’s 
work, which, I might someday have time enough to study. However, I do 
not have much respect for authors who, unlike Plato, first realized the 
foundation of every possible system of grammar, meaning, that author did 
not have his mind tethered to factual reality from the start. For me, 
Calculus has always been a hard lump. 

So, I went out to buy me a wall size poster of Cantor, who could not even 
comprehend the word complete, and call these curves, Transfinite Curves 
which only Calculus and be use to explain and forget that complete 
induction and deduction really means complete. I never found such a 
poster, and so I am waiting to be inducted into the Transfinite Reality of 
Spooky Action Association of Assentation Seekers, as soon as I can figure 
out how to dry my hair without a microwave oven. 

Only the basics required to draw the curve is written up, which means 
there is plenty one can do with finding the equations to the separate 
elements of those constructions. 


Unit. AB = 1 
Given. 
C = .32838 


X := 1.63143 


Descriptions. 
AB” 


ВС:-1-С BN: ВС ΑΡ:- 2:ΑΒ АМ = N 


Licorice_Yumyum := BN 
OM is the powerline between a Kiss and OMmmmm. 


x 
DX := AD -X FX := ./ X .DX GM: FX Y:= GM.— 
AM 
JY - 2-Ү 
Definitions. 


ВС-(1-С)-0 BN-(1-C)=0 AD-2=0 


1 
AM-i-c 2 рх-(2-х)-0 
ЕХ -/ [X.(2 —X)| = 0 GM —,/[X-(2—X)] = 0 


Ү-Х-/Х42-Х)41-0)-0 
JY-2.X/X.(2-X).(1- C) =0 


Tear Drop 


Given the Licorice Yumyum, write the equation to a Hersey's Kiss 


L K 


Unit - 1.00000 
C = 0.32838 
M = 1.48893 
X = 1.63143 
D = 2.00000 
FX = 0.77544 
Ү = 0.84965 


X../X-(2-X) (1-C)-Y = 0.00000 


Unit = 1.00000 A | 


С = 0.31365 
X = 1.64157 
a = 0.68635 
1-C = 0.68635 
b = 0.35843 
2-X = 0.35843 
Х(2-Х) = 0.58839 
d = 0.58839 
_|(X-(2-X)) = 0.76706 
e = 0.76706 
(X-(2-X)).(1-C) = 0.52647 
f - 0.52647 
Х.Ғ = 0.86424 
X. /X.(2-X).(1-C) = 0.86424 
Y = 0.86424 


Y-(X-./X-(2-X)-(1-C)) = 0.00000 


The figure wrote the Algebra, the 
Algebra drew the figure. 


Which came first? The chicken or 
the egg? 
In an identity, which is first? 


The X-Files 

Wednesday, November 17, 2021 

When I was a bit younger, I was reading an Algebra book, when, coming 
to the chapter on exponents, the author declared that exponential notation 
was a pure conceptual abstraction, that one could not example it in 
geometry. At that point, I knew my author was simply illiterate. 
Exponential manipulation, to anyone wielding a straightedge and compass 
should come as natural to anyone as it did me, after all, I am a grade- 
school, high-school, and college drop-out, i.e. a thrice confirmed drop-out 
and not in anywise a paper-trained professional mathematician who can 
show anyone how to scribble. 

If one read up on doing powers and roots in geometry, some, for example 
cube roots are said to be impossible to demonstrate, which is a sad state 
of affairs: poor old man Apollo is still going door to door begging for an 
upgrade. Lucky for me, I had memories of a previous life-time to judge the 
situation. 

In a previous incarnation, I was abducted by aliens; green ones, blue 
ones, not really any gray ones and some that were transparent like jelly- 
fish. During my Ordeals, I happened to see a copy of the Elements by 
Euclid written in some kind of alien lingo, so I took a peek, and lo and 
behold, I learnt the secret of exponential development with a straightedge 
and compass. It seems our alien neighbors mistook the criteria of 
straightedge and compass to mean something intelligible, like Plato. As all 
grammar systems are effected by simple binary recursion, the aliens took 
the segment as an absolute, and the compass a means of recursively 
applying it and thus, they could not distinguish, like our keen eyed 
geometers, the difference between a loci and a loci. Imagine that, aliens 
that cannot distinguish between binary recursion and binary recursion. I 
think they need to study the Babylon 5 episode where Zatharus explains 


the difference between his many brothers named Zatharus and his name 
Zatharus. 

I also learnt that Rene Descartes himself was almost abducted, but since 
he had his head up in the clouds, he would not fit into their space-craft. 
But, you can imagine how absurd it is to believe that Plato, who named 
the two-tools for geometry, to mean anything intelligible, nevertheless, it 
seems to work! I wonder to this day, if our alien neighbors left the book 
out just so I would take a peek at it. I do not, therefore, take any credit for 
those plates. I just copied them from memory. 

So, this is a notebook of how I became mentally disturbed because of my 
alien abduction in a previous incarnation. I think in that life time, I was a 
woodpecker, which is very close to being a pencil pusher. 


Wednesday, November 17, 2021 


Unit = 1.00000 


A = 0.19203 
B = 0.34719 
C = 0.47255 
D = 0.57383 


1 
dA - 1.23767 


1-B = 1.53183 


1 
— = 1.89590 
1-С 


1 
— = 2.34651 
1-D 2 


1 
=y = 0.00000 
1-0) 1-А ^ 
2 
1 л 1 
1-5) (1-8 7000000 


з 
1 Рі 1 
1-D - тс 900000 


Апу Root Р1 


1 


Many people have tried 
to find root series using 
Inductive reasoning, and 
conclude, well, it is not 
possible because of how 
quickly results extend out 
of sight: the extension is 
exponential which one’s 
paper does not readily 
agree with. However, if one 
switch to deduction, the 
whole picture changes. In 
the early days of one 
playing with their pencil, 


they may try this and find root series very easily and the circle provides a 
ready environment for it, after all, many people have discovered the root, 
the so-called Pythagorean Theorem; the loci of the square root, indeed, just 
forms a smaller circle from the main circle. Therefore, МІ and №2, reside on 
a common curve. But that is as far as it goes, however, every root in that 
series is on exactly the same line, i.e. just another ratio. Given any 
adjacent two, in a series, one can then find the entire series for a given 
value. We take a hint from that the root projects from loci and simply fill 
in the missing loci and we have our root or power series. After all, a loci is 
a loci. If we listen to the figure, it will lead us forward. 


Any Root P2 
Wednesday, November 17, 2021 
Now many people have stubbornly used up their whole life, looking for 
a way to get conics to perform this feat, but the curve, as one can plainly 
see, is Simply not a conic. 
Unit = 1.00000 


A = 0.19203 
B = 0.34719 
C = 0.47255 
D = 0.57383 


— = 1.23767 


T = 1.53183 


Uu 


1 


1 1.89590 


o 


1 
1-р - 2.34651 


1 
: : : 0.000 
“т “А-А” 00 


2 
зор : 0.000 
т=—/ iss 000000 


3 
1 а 1 
1-D - 1с ` 0.00000 


Any Root P3 


I was hired by this hypnotist to construct spiffy patterns to help put 


Wednesday, November 17, 2021 
people to sleep. 
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Any Root P4. 
With just a few more iterations, one will have discovered the perfect 
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airfoil. 


2 
299222 
no ЖЖ 


Unit = 1.00000 
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Look ma, no plague! On July 224 246 в. C. Apollo got a delivery from 
Amazon of his new Altar. I noticed, when I first heard about the Delian 
Problem, that in 
metaphor, it means 
exactly the same thing as 
the challenge in Genesis: 
Man must learn 
judgment, i.e. the 
principles of grammar. In 
order to duplicate the 
cube, then one has to 


2.65782 


| Y | 1-С learn the grammar of 
І Ж ыг І 1 9 

| x. тр = 191875 geometry as just another 
| Unit Z 1.000007. а — form of binary recursion. I 
| A=0.27808 \ | 1-A 7 also notice that people 
) ye \ | 1 . 

| кечын мо ( 1 is |! оооу Whose mind cannot 
| “C= 0.62375 \ | 2 — 

Ж із do “с resolve а metaphor, that 
| P ` : : 5 з — = 0.00000 they miss the message 


“ο < O И Й Ë" with the result that they 
produce a whole lot of mythology and crackpot science. It is wholly 
impossible for an illiterate mind to produce rational results. I was pleased 
however when I could solve it both ways, inductively and deductively. It 
does use a conic, but everything about that conic is given in the figure 
itself. All one has to do is draw it. 


AB = 2.59047 cm 
AC = 4.29581 cm 
AD = 5.53195 cm 
AE = 7.12379 cm 
AG = 11.81347 cm 


AB = 1.00000 
AC = 1.65831 

xy, = 4.88248 AD = 2.13550 
AE = 2.7 

Xa = 2.44124 ао 


АА = 4.56036 
хв = 19.52991 


1 

AG? -AC = 0.00000 
1 

ха = 2.44124 AG? -AD = 0.00000 


хс = 1.30199 а = 
АС з -АЕ = 0.00000 Ι΄ 


Ni _ 0.53333 
N 7 


xc 
— = 0.53333 
Xa 


h 


Wt = 6.11971 cm 
tv = 2.93734 cm 

Kt = 1.72926 cm 
Rt = 0.83001 cm 
Rv = 2.10733 cm Wv = 5.36870 cm 
be = 13.55317 ст Zv = 3.12867 cm 
Rc = 6.77659 cm 
cv = 8.88391 cm 

Yw = 6.58377 cm 
WZ = 8.49737 cm 


Granted, it is a whole lot more complicated, however, the satisfaction in 
being able to produce it was commensurable. And so this is one root which 
can be solved both inductively and deductively on the very same page of a 
piece of paper! (you just have to be prepared to go through the alphabet 
twice. The starting square root figure does lay down everything one needs 
to simply fill in the conic for cube roots. One will find the whole story in 
The Delian Quest. 
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М, = 2.00000 
A = 1.25992 
B= 1.58740 
A® = 2.00000 


3 
B2 = 2.00000 
М, - АЗ = 0.00000 


3 
М, - B2 = 0.00000 


Any Root P39 
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N = 12.00000 E : 
Міо - а = 0.00000 Na -j- 0.00000 

а = 1.28209 1 κ 

b = 1.31798 и ΞΈΝΗΝ ΝΑ - k = 0.00000 
та = 4 

ШИН омса ыы 

е-1.51309 ΝΤ - d= 0.00000 Ns - m = 0.00000 

ақынды Ne - e - 0.00000 5 

g = 1.86121 | Y - п = 0.00000 

h - 2.28943 Ns - f = 0.00000 Ns — o = 0.00000 

i= 3.46410 1 й 

j= 5.24148 2d : - g = 0.00000 Мэ - p = 0.00000 

k = 6.44742 Ns - h = 0.00000 NS л 

1 = 7.30037 1 

зразу задні N2 - i= 0.00000 

n = 8.41419 

o = 8.79597 

p = 9.10484 


q = 9.35973 


Any Root 1-2 
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2, 4, 8, 16, 32, εἰς. 


Ac°=1.00000 | Мі = 1.00000 p = 1.00000 дс = 3.95000 in. 


1 AE AB = 1.74089 in. 
АС8 -1.10784  AE-1.10784 -p = 110784 дЕ = 1.92864 in. 
2 AF AF = 2.13663 in. 
AC? = 1.22732 AF = 1.22732 AB 1.22732 AG = 2.36704 in. 
3 АС AH = 2.62231 in. 
AC? -1.85967 АС = 1.35967 -p = 1.35967 АІ= 2.90511 in. 
4 АН AJ = 3.21841 in. 
АС? = 1.50630 АН = 1.50630 АВ = 1.50630 AK = 3.56549 in. 
5 ΑΙ 
АС8 = 1.66875 АІ = 1.66875 AB = 1.66875 
τ AJ 
AC? -184871  AJ- 184871 -p = 1.84871 
τ ΑΚ 
AC?-N, = 0.00000 5 АСЗ = 2.04808 AK = 2.04808 AB = 2.04808 
А AC 8 -AI = 0.00000 в АС 
καν αρ «Зоні 6 АС8 = 2.26895 AC = 2.26895 AB = 2.26895 


AC 8 -AJ = 0.00000 
7 


AC 8 -AK = 0.00000 
8 


AC 8 -AC = 0.00000 


2 

AC 8 -AF = 0.00000 
2 

AC 8-АС = 0.00000 
2 

AC 8 -AH = 0.00000 


Мі = 2.97175 
8 А = 1.14585 
№8 = 2.97175 В = 1.31296 
20 С = 1.50446 
М18 = 2.59350 D = ως 
j Ë 
N, 8 = 2.26339 Ее 197590 міо = 1.00000 
5 F = 2.26339 
= 8 
N, 8 = 1.97530 G = 2.59350 ΝΙ5-ΝΙ _@00000 
4 H = 3.40517 
N, 8 = 1.72388 I- 3.90181 
3 J = 4.47087 
М18 = 1.50446 K = 0.87272 
2 L = 0.76163 
М18 = 1.31296 М-=0:66466 
1 
М18 = 1.14585 
2 
N, 8 = 3.40517 
10 
Nı 8 =3.90181 
1 
11 ын 5 9 
= -1 = 258: 
m 2 № 8 -A = 0.00000 зва 8.H- 
Ny 4.47087 N, 8 -K = 0.00000 : М18-Е- 0.00000  N,5-H- 0.00000 
-1 S 6 10 
іі 2 эж 25 
Р = N, 8 -B = 0.00000 зр 8 [= 
М, 0.87272 N, 8 -L = 0.00000 : N,8-F-0.00000 N, 8 -I= 0.00000 
-2 22 7 11 
25 -3 2 - -»- 
М18 = 0.76163 м, 5 -M = 0.00000 Νι И -С= 0.00000 ү, г.с =0.00000 М, 8 -J= 0.00000 
-3 = 
N; з = 0.66469 N. 8 -D = 0.00000 
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Unit = 1.00000 
A = 0.59888 
B = 0.45610 
C - 0.26250 


= 2.49299 


- 1.83857 


— = 1.35594 
τα” 1.3559 


1 1 


B^ 0.00000 


1 
1-A 


1 
— = 0.00000 


1-С 


(5 gd 
(22) 
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Unit = 1.00000 
A = 0.63095 
B = 0.54952 
C = 0.45014 
D = 0.32882 
E = 0.18075 
1 


= 2.70963 


= 2.21987 


1.81864 


1.48992 


1.22062 


1 
- [ap = 0.00000 


= 0.00000 


= 0.00000 


= 0.00000 
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Unit = 1.00000 
A = 0.82515 
B = 0.76617 
C = 0.68731 
D = 0.58184 
E = 0.44081 
F = 0.25221 


= 5.71 
1-4 5:71903 


= 4.27664 
тр = 42766 


1-с = 3-19802 


i.p = 2:39145 


1.78830 


1.33727 


1 
= B^ 0.00000 


1 
- — = 0.00000 


85 
85) 
(225) - 15g = 2.00000 
85 
85 


0.00000 


0.00000 


Any Root 1-6 
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Unit = 1.00000 
A = 0.80013 
В = 0.75557 
С = 0.70108 
D = 0.63443 
Е = 0.55293 
Е = 0.45326 
а = 0.33137 
Н = 0.18230 


1 
τα 5:00330 


1 
— = 4.09118 
1-B ш 


1 
T A = 3.34535 
1-С 


- 2.73549 


1 
1р = 2:23680 


1 
— = 1.82903 
1-F 2 


= 1.49560 


1 - 
- 1.22295 


1- 
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Unit = 1.00000 
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Unit = 1.00000 
A = 0.83709 


C = 0.76582 
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D = 0.71922 ( 1 з _ 
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Any Power P1. 


Wednesday, November 17, 2021 


The base figure for these demonstrations shows the initial values for induction at B and deduction at A, i.e. 
Arithmetic progression from B and Geometric progression from A. Arithmetic progression is afforded by the 
recursion of the unit infinitely from 1, while Geometric Progression recursively provides the ratio between О and 
1. Thus, arithmetically we cannot visualize the infinite set of all numbers, but geometrically we can. 
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A third root series. 
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Quarter Root series. 
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Multiplication 
Thursday, November 18, 2021 
One can use root loci which shows each one, but we learn in factoring 
to factor in accordance with prime numbers, therefore, one should 
construct a template of just prime numbers. How to use them, however, is 
a bit more complicated. 
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3x4 


We learn to effect our progression along a line by using two adjacent 
roots. When one uses two different roots, the product is a one multiplied 
by the other. Here is the third and fourth root progression from starting 


points. The result is the twelfth root series. 


Мі = 8.00000 
A = 0.87500 


1.68179 


1.41421 


ë d 22277 “ы 
Р -- E - 
2 де τος 8 
B = 0.85135 Я о “эр ἕῳ, 
11 Z «ο S ` 
= 1 — Z эг? τς % 
С - 0.82322 12 Й gf ыг 5 
— - —— = 0.00000 БЭ ` 208 
D = 0.78978 1-A 1- -—- 9 ан 
Хо. ИГ M^ ЛЫГ М 
ду i х 
E = 0.75000 1 ae М --e.. л ss. З 
12 ΙΝ πος / Т м Ж 
F = 0.70270 —— )” - —— = 0.00000 рг ru -... га 
1-А 1- ' А ! х P. ----α. P 2 | SX 
I ` / Te, 1 uy 
G = 0.64645 š Ú ` EC νην. - 12401 e 
_ 1 — Ц `. : E y У Й ` ΄ х ¿v  @-~~¢@! ! | ҚА 
H = 0.57955 12 _ = 0.00000 ! Ж Sf SF N Z N ZA AP! 3 
1-A 1-D κ S uf Ν 4 2 7 бауы ы Ж0-ө- | ` 
I = 0.50000 МІ V V y V і/ Me d Ve С wak 
2 5 e πα πρ 9 —— ΝΩΕ κος ----- |o. ο --Ф-9-ф е ашы 
Эн J \ G F ^ 2 | 1 
J = 0.40540 1 ү Қы L^. κ. JV I| HG "E DOB A | 
/ г, [ І 
—— )” - — = 0.00000 є оч OD N / OX MOOK ASKAN 
= ! \ и / ( ΄ ΄ A ' 1 
к 0.29289 1-А 1- Ы. ! NN / х ri м Д 243 / A Ж X ra 1 ү à | | 
κ s 1 Y 4 тэг” 4 1 4. α я 
L = 0.15910 1 ο b "ht ж Й d Й z A Хил E ' | | 
πώς 3 7 \ Гог \ 
12 1 S / х j / ж wows να T сор! І 
τ - —— = 0.00000 DN БАУ OA Z M ων EY © | 
—— = 8.00000 1-A МЕ Ээ. di XENO iar | 
I s M ца) / b # DNS GEN \ 1 1 
1-A 7 
! ` А ^ Lo NF Ж; y X 72 \ i vow qe d І 
— I b (2% / М 5 NA £ ν΄ Z >N \ \ Ги f 
= 21 12 І гын 2 N 4 PR Pf А У \ ээ | | | 
= 6.72717 1 A T 1 G E 0 00000 i i Хы 7:7 А Ж ЫГ ^^ X p бэ? p 1 i \ \ | Γι І 
= _ _ / 1 '! І 
1 І І х, / қ. if хуу ; tuf ` ` Y 1 ЖЕТІП | 
1 / "ES "n A^ INZOL АЙ \ ү мл i 
5 j Ч Ju 7 FOS ал ёё PN Ë \ ха E 
1 12 : / 7 Ἂ бол РА κ Ν х \ 1 DE ' ipi | 
— = 1 1 ΄ ΄ ΄ \, \ \ \ 
1- 5.65635 ee ачы = 0.00000 тэ? A М ду ee | 
1-А 1- 1 / эгээ ` ye Ey | 
1 і ! / жж Жу ya “Ж х 1 А оа Ч | І 
1 7 \ 1 І 
———_ = 4.75683 1 da. Ї І i / 2 72 Pd x Sy `. М л \ ОЖ rg I 
1-D — |)? - — = 0.00000 ROG Z go wg Мм М м уу LS EUH | 
d ? “ \ чл 141! І 
1 1-А 1-І і 4 "n ри 7 Ау; τν 2 b^ b 42. Ете үп І 
I / P ОДОМ ` ` \ \ \ ү! І 
—— = 4.00000 3 bo qd 94 gy prt "η. opa 5 | 
1-E 1 12 1 гі / 2 БАҒАҒА 2 Sy х τν. Nard І 
— — ss Й 2,77 \ | 
1 τ τ = 0.00000 1 І P y^ 2 “ЖЖ” % х “ 5 V ROA у ! 1 1 H I 
1-A 1-4 і око у < “ж” % % w E AA лу 1 
1-F = 3.36359 Р 1 * fog Fi “Ж S ` ` γε х х КЕ и 1 
- { i ,,.,/” 3 ч хо мМ 1 
1 Каа 1 n / POP ORIG $ х " \ мом ! 
12 22272222 3 \ ши І 
1 - = 0.00000 i р ЖИ РЕА Rae oe ce, x КЕЗІП І 
—— = 2.82843 1-A 1- ες νι. τ I 
= . h PP s NU US variat 1 
1 G 1 |, 1 Pm ги Seo, M UR уалы | 
πας ΣΟ МА, A YA nn I 
1 1 12 рий х, τη ма ми I 
ES — =a í D Vati 
= 2.37841 1-A 1 0.00000 E бууд SX NS ХИЙГ | 
1-H DU ΝΝΝ ΝΠ І 
І 144% МІН! І 
1 rj ж NA Nw І 
[ % ОЛОХ І 
1 — = 2.00000 177774 Sant ' 
1-1 11772 “Хо | 
І 
І 
1 
І 
І 
| 
І 
1 
I 
1 
x 


1.18921 


Multiplication 3x7 1 
Thursday, November 18, 2021 
Here I take 3 times 7 to produce the 215% root series. Since these are not 
adjacent on the loci, one is going to have to make a couple passes with the 
line as in the following. 
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Multiplication 3x7 2 


Thursday, November 18, 2021 
It took three passes, each one adding more roots. 


Multiplication 3x7 3 


Thursday, November 18, 2021 
And there is all of the twenty-first roots of the number 5. 
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I found this abandoned project which I was in the process of illustrating with Jabob's Ladder from: 
CONTEMPORARY 


INTERMEDIATE 


ALGEBRA 
CHARLES J. MERCHANT 
University of Arizona 

I wanted to write an illustrated book on Algebra and at this time, believed that I could use such works as 
the following for a template. But then, after doing the digital conversion ofthe work, I realized that this pattern 
may be helpful, as in the following to explain how to manipulate a naming convention, that the entire work 
does not actually teach algebra. A grammar book teaches one how to apply names by real examples, and not 
just how to manipulate names out of context, they do not teach children how to use algebra by pairing the 
perceptible with the intelligible. To anyone of sense, these are mainly empty words. Secondly, this fetish with 
polynomial equations is no more than taking one arithmetic name and making a puzzle out of it for no 
apparent purpose; this is not an act of intelligence. 

So, I use this part of that project simply as reference material on exponents. 


4.6 EXPONENTS 


All operations with monomials are greatly facilitated by the use of exponents. The use of exponents not 
only results in a gain in compactness and legibility, but also greatly facilitates computations involving 
multiplication and division of monomials. This facility arises as a result of the laws of exponents, which we 
shall now develop for the case where the exponents involved are positive integers. The extension of the laws 
of exponents to the case of fractional, negative, and zero exponents will be made in Chapter 7. 

THE FIRST LAW OF EXPONENTS 

The first law of exponents states: 

If m and n are positive integers and a is any number whatever, then 

ат. an = атт 


0 1 D E F 


0 


B = 1.20000 
0D - 4.81597 cm  р-17980) | B? - 1.72800 
OE = 6.21499 cm E = 2.48832 B° = 9.48839 
OF = 10.73951 ст р 4.99989 В8*5 = 4.99989 


This law follows immediately from the definition of positive integral exponents; if m and n are positive 


integers, then 


m factors n factors 
зо ап — 
απ-α 4: а · · · а а= а: aa. а 


Непсе 
mfactors nfactors т + п factors 


——  — aa 
а". аа-а:а-"а-а-а--а-аа--азатт 
ш a: ас 
THE SECOND LAW ОЕ EXPONENTS 
The second law of exponents covers two cases: 
1. If m and n are positive integers and т» n, then 


a" 1 

d mas diss 0 
2. If m and n are positive integers, and m « n, then 

qm 1 

ques ОН? 0 


= 1.25000 D = 1.56250 B? = 1.56250 В?-5 = 0.51200 
E = 3.05176 B? = 3.05176 1 
F = 0.51200 В-3 = 0.51900 Bè = 0.51200 


We prove the first case as follows: 


m factors 


n factors 
Then if m > n, we cancel out n factors from the numerator against п in the denominator, апа have 
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т - п factors 


—— —— 
am avyq:a-- a 
a - а-а-а---а 
ee / 
1 


The proof for case 2 is left as an exercise. 


THE THIRD LAW OF EXPONENTS 
The third law of exponents states: If m and n are positive integers and a is any number whatever, then 
(ат л = атп 


уге һауе 
т factors т factors т factors 
—N — — MÀ 
(ачУл-(а-а-а--а)-(а-а-а--а)-“(а-а-а:--а) 
MOM Á M———MM$" 
n groups of factors 
mn factors 
-а-а-а--а 
= атп 
From the nature of this proof, it is obvious that 
(а?! теат) 
THE FOURTH LAW OF EXPONENTS 


The fourth law of exponents states 
(ab)? = anbn (n a positive integer) 


The proof follows immediately from the associative and commutative laws for multiplication. 
(ab) = (a · b): (a: b) -> - (8: b) 
n parentheses 
=a:a:a:::a:b:b:b:::b 


meme ome” Neen а 
n factors n factors 
= qn. р" (п a positive integer) 


EXPONENTS, ROOTS AND RADICALS 


7.1 ZERO EXPONENTS 


The expression a”, as defined so far, only has meaning when mis a positive integer, since it tells how many 
times а is used as a factor. ад, therefore, has no significance at this point, since to say that a number a is used 
zero times as a factor is meaningless. 


We are, therefore, free to define a? however we please, as long as we do so in a way that is consistent with 
the definitions we have already made. We do this by considering the possible meaning of a? in relation to other 
laws of exponents. 


The first law of exponents states: 
І. am атт 
Let т = 0. Then we have 
а? ап = q+” = qn 
90 


or 


n 
а0 = 27 =1,ifaz0 
Then consider the two cases of the second law of exponents: 


qm 
а). on = am-n, m > n, a z 0 


and 
am 
ПО ‚п> та 0 
If we let т = п, we have 
Ша) ад or 1=a 
пъ). 22-4, ог 1-2 


The third law of exponents states: 
ΠΠ. (атуп = атп 
Let т = 0. Then (a?) = a?:» = ад), But 1" = 1. For all these cases, therefore, it is consistent with the previous 
statement of the laws of exponents to let a° = 1. The only thing we must avoid is to let a also equal 0, for then 
we would be dividing by zero in Law II(a) and II(b). We, therefore, make the following definition. 


DEFINITION: a° = 1,α-0. 
Also, 0° is undefined. 
7.2 NEGATIVE EXPONENTS 


We may proceed to define negative exponents along exactly the same lines as were followed in defining 
zero exponents in Section 7.1. Consider again Law II, which states: 


qm 
II(a). Gn = атп, т> п 


ШЫ). — 


E 
qn qnm ‚п>т 


B = 1.25000 р = 1.56250 В? = 1.56250 B25 = 0.51900 
E = 3.05176 B5 = 3.05176 
F = 0.51200 ВЗ – 0.51900 B3 | 


1 
— = 0.51200 


Now let us assume that т = 0 and that n is greater than zero. Let us also disregard for the moment the 
requirement in Law (а) that m be greater than n. We could then write 
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or, in other words, 


Thus, 32. 1/32, and so forth. 


If we were to define a -n as equal to 1/ал, there would be one obvious immediate advantage: It would no 
longer be necessary to consider two separate cases under Law II. We could simply write 
ат 
P зат-п 
without having to consider whether т was greater than п or not. This would be а great convenience. Thus, we 


would have 


315 3 
or, again, 
and, finally, 


Thus, only one statement of Law II would be necessary, assuming m and n were both positive. Since we 
easily show that there is no inconsistency with the other laws of exponents, we therefore make the following 
definition: 


1 
DEFINITION: а -" = qv 35 0. 


EXERCISE 7A 

Rewrite, using positive exponents. 
Example 1: x? 

SOLUTION: 


x2 = — 


Example 2: (аз)? 
SOLUTION: 
(a3y? = al-3)(-2) = аб 
1. x?z1 2. a3b? 
3.3-2а:4р:6 4. (-5)3a4b1 


5. (-2)1(-4)2a5 6. (b1)1 


7. (p>) (q)? 8. (x yz?) з 
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x 10. — 


ET (- 5) -2Х-7 
(- 5) 2(- 5) -3 a-b-2¢-3 
11. Х 2уг . х3у22-1 
1 (- 1y2 
13. (- r) 2(8:3) At 14. 30x2y -2 
a»b *(c 5) -1 
15. uu ἘΠ 


Perform the indicated operations. Express your answer as a product of terms, using negative exponents 
where necessary. 


X2 
Example 3: yz 


SOLUTION: 
= = x2y2 
16 b 17.ар 
x? ac 
18 уш 19.54 
20 (ху)2 a^b ?c5 
“(хур a5b 3c^ 
- 2p-1g4 2 
I з) 
а 2р3 |» 
24 ( а арз | 25.(-3):(-4): уз 


Simplify and express your answer as a single fraction using only positive exponents. 
Example 4: a! + b? 
1 


1 
а" вені 


b2 a 
= ab? * ab? 
а + b2 
~ ab? 
26.а2 +4- 27.3-1+94 
28.2(-3)2-3(-2)- 29.4-5:-3-52 


30.103- 10+ 31.a*-a^ 


32. 2ab1-a-2b 33. (a * a1) 

34. (x2 - x 1) 35. (- 2x1) 2 - 3x? 
A 21 a3+b-1)\4 

36:17:22 37.| qa. pa 
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a? фе 1 

3e (17. 22 39.-2-аз-(-2)2Һ2-(-1)4с1 
x2 y 2:1 

40. FINT Tl 


7.3 ROOTS; RADICALS 


We have seen that it is both useful and consistent with the fundamental laws of exponents as stated for 
positive integral exponents to assign meaning to zero and negative integral exponents. We next inquire 
whether it might Also be useful and consistent to assign meaning to fractional exponents, that is, exponents 
ofthe form m/n, where m and n are integers. 


We first define what is meant by the "nth root" ofa positive number. 


DEFINITION: The nth root of a positive number a is that number which multiplied together n times (that 
is, taken n times as a factor) equals the given number a. 


Example 1: The third root of 8 is 2, since 2 · 2 · 2 = 8. 
Example 2: The fifth root of 7776 is 6, since 6 · 6 · 6 · 6: 6 = 7776. 


The symbol for the nth root of a is γα. In this symbol, n is called the index of the root or the order of the 
root; the symbol 4 is called the radical sign; the number a is called the radicand, the whole expression Ха і5 
called а radical. 

The second root of a is called the square root of a, and in this case, the index is normally omitted from the 
radical. Thus, 

48-36 

The third root of a number is called its cube root. The fourth, fifth, and higher order roots are called simply 

the fourth root, fifth root, and so on. In all cases except the square root, the index is always shown. 


With these meanings assigned to these symbols, we may then write the following: 


(а)-а-а 
which simply states the definition of the nth root symbolically. 
From the definition of the nth root of a, it also follows immediately that 


When а is the nth power of a rational number, say p/q, where p апа q are integers, then we can write a = 
(p/q)", whence it follows that 
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by the preceding paragraph. However, when a is not the nth power of a rational number, then γα is nota 


rational number, and in this case we say that Ха is irrational. 
7.4 FRACTIONAL EXPONENTS 


Now consider Law III, which states 
(а"/туп шатп 


and suppose that for ат we write γα. Then 


(565) шатп-а! 


But if ат" = at, we must have mn or m = 1/n. We, therefore, set am = a1/", and write 
(а1/пул - q(1/n) "пі а! за 


Let us tentatively assign the meaning Ха to the symbol a?" and investigate the consequences. As a 


ҮЕ. I ! 
concrete example, let us write \a = а1/3, Then what would be the meaning of a?/3? From the first law of 
exponents, 
818. 91/3 = а(1/3) + (1/3) = 92/3 


But from the third law of exponents 
(a1/3)2 = а(1/3) 2 = а2/3 
These two meanings are, of course, the same; (a1/3)? = a(1/3) - q0/3. We see from this example immediately 
that if m and п are integers, then we may always write 
(ампут ап. аі"... = атп 
= а1/п 
—sh,.s  . 
m factors 


and that this is consistent with the meaning of (a) if we define αἴ”: as equal to Aa. 
It was observed in the case where m and n were positive integers that 
(атуп = (ап)т = атп 


or, in other words, that the commutative law held for multiplication of exponents when these were positive 
integers. If this commutative law is to hold for fractional exponents, we must have 
атіп = (а1/п)т = (ат)1/п 
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We have shown that a"/^ is equal to (аї/п)т, Let us now show that (a1/")m= (ат):/, where m and n are positive 
integers. 
By the definition of a1”, 
qs є am... 
а= av 
—. / 
n factors 
Therefore, 
qin. а/л... gin.gimn..-gi/n- qin.» qin... 
ат а": Е ат 
- S(T —— —F 
n factors n factors n factors 


k. —VrA 


m groups of factors 


and therefore, 
am = a/n Я ЕШ ЭРЭЭ ЕШ 
тп factors 


Непсе, 


(ату\!п = Чат = аї/п - айт... atn 

Sae е 

т factors 

since 
qin. а/л... дал. qir... qi” qin. ami... 
атм») am: T qi/n 

n= — е?” ——— F SĂ 
m factors m factors m factors 


ka  — se" 


n groups of factors 


Therefore, 


(а1/п š an odes а1!п) = Мат 
Ш 
т factors 


by the definition of the nth root. But obviously, 
(atin -айп... 81/1} 


= 


m factors 
is equal to (ампут . Therefore, 
(ату1/п - (а1/п)т 
and the commutative law holds here also. 


Since none of the foregoing shows any conflict with the first three laws of exponents, we therefore make 
the following definitions: 


DEFINITION: a!” = Ха (а а positive real number). 
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DEFINITION: a"/» = Ga (n a positive integer) 


n . . . . . 
-Na" (aa positive real number, m and n positive integers). 


Using the definition of negative exponents already developed, these definitions may be extended 
immediately to the case of a negative fractional exponent. Thus, 


Example 1: 
а 2/3 = 1/д2/3 


=1/(Vay? 
= 1/\[а 


7.5 THE FOURTH LAW OF EXPONENTS FOR FRACTIONAL EXPONENTS 


The fourth law of exponents (see Section 4.6) has an important consequence in the case of roots of 
numbers. The fourth law of exponents states 


(ару! = апр" (n a positive integer) 
In the case of the nth root of a number, this law reads 
Vab = (ab)'in 
= gi/npi/n 
This result is used in the process of finding roots by factoring, as illustrated in the following examples: 


Example 1: Find 4/7056. 


SOLUTION: Factoring 7056 completely, we find 
7056-2-2-2-2-3-3-7-7 
= 22.22.32.72 


2. [7056 = 


=2.2.3.7 


= 84 
The process may be extended to roots of any order. Thus, 


Example 2: find 5/1728. 
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SOLUTION: Factoring 1728 completely, we have 
1728-2-2-2-2-2-2-3-3-3 


= 23. 23. 33 
2. 1728 = 23 2333 
-2.2:3 
- 12 
This process may also be used to amplify a root by bringing factors outside the radical sign. Thus, 
Example 3: simplify \/99 as much as possible. 
SOLUTION: 
99 «3 3 112 A11 
It should be noted strongly that, in general, Ха + Mb = γα + b unless either a or b = 0. As a matter of fact, 
there is usually no way to add two or more radicals together. However, on occasion the above process may be 


used to do so. Thus, 
Example 4: add, if possible, {245 + 4/320. 


SOLUTION: 
σος pa os А Ala? «fs 
= 7/5 + 8 5 
- 1545 


The proof of the fifth law of exponents for fractional exponents is left as an exercise. 


EXERCISE 7.1 
Rewrite, using fractional exponents. 


1.4/3 2. [5 


4 7 
3,4143. x3 4. Aj 55 аз 
1 
5. 523 - х9 - ут Sm 
1 1 
Ts = 8. 


N 
сл 
: 
о 
З 


Ten 


1 1 
Эг 10. 


ЕТЕГІ -уз ШЕТТЕГІ 
y 
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Rewrite as radicals. Show two forms. 


11. 53/5 12. 27/10 

13. x3/4 14. y?/5 

15. 22/3 + x2/3 16. 3 2/3 
17:4-3/5 18.,-7/10 
19.х-/7-у-3/7 20. 2 -9/13 + x-9/13 , y-9/13 
Factor completely, and find the root. 

21.4/324 22.4576 
23.4/196 24.4225 
25.4/1764 26.3/1728 
27.5/8000 28.5/1296 
29.5/7776 30.5/248,832 
Factor completely, and simplify as much as possible. 
31../80 32:51175 
33.4/243 34.4/[7500 
35.4/432 36.981 
37.5/750 38.4/112 

39. [405 40.4/160 
Simplify as much as possible, and add. 

41.945 *N20 42.4|98 з 50 
43. ψ363 «48 44. [288 - 50 
45.4/125 - 45 «4[20 46.4/16 «^[54 
47. [375 -Ν81 48.4/128 - /250 


49, 4/256 - /500 + /32 50.162 + /1250 - 32 


51. Prove 


ат/п а |т/п "M "n 
барын B : (m and n positive integers, a and b positive real numbers) 


7.6 ROOTS OF NEGATIVE NUMBERS: PRINCIPAL ROOT 


We have shown that if a is a positive number, and m and n are integers, it is consistent with laws of 
exponents as previously stated to make the following definitions: 


qi/n = Ха 
ат!" «(амлут = (Мат 
= (а»)ма Чат 
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In the case where n is an even integer, however, the expression Ха is ambiguous. For (2)? = 4, and (- 2? = 
4, and hence by the definition of the square root of a number, both 2 and -2 are square roots of 4. Similarly, 
both 3 and - 3 are sixth roots of 729, since (3)6- 729, and (- 3) = 729. 


We therefore define the principal nth root, in those cases where the number has both a positive and a 
negative nth root. This situation occurs only when the given radicand is positive, and n is even. 


In these cases, when we write Ya we always mean the positive nth root; when we wish to specify the 
negative nth root, we always write la. Thus, а = 2, and - а вед ` 729 = 3, апа - ` 729 = - 3. 


Negative numbers do пої have even real roots. 4-4 + 2, since (2)? = 4; similarly, 4-4 + -2, since ( - 2)2 = 
4. Thus, there is no real number which multiplied by itself yields - 4. It is for this reason that it was stated 
(Section 3.3) that the real number system is not closed with respect to the taking of roots; real numbers whose 
square roots are not real numbers exist. In order to take even roots of negative numbers, we must introduce 
a new kind of number, the "imaginary" number; this topic will be dealt with in the next section. 


In the case where n is odd, any real number, positive or negative, has one and only one real nth root. Thus, 
1/27 = 3, and \/ - ZT S23: A32 - 2 and Y - 32 = - 2, and so forth. In the case where n is odd, we call this real 
root the principal nth root of the given number. 

7.7 IMAGINARY NUMBERS: COMPLEX NUMBERS 

In order to take even roots of negative numbers, a further extension of the number system is necessary. 
No real number can be the square root of a negative number. We therefore define another kind of number, 
called the imaginary unit i. This number we define by the relationship 

Ё = - 1 
We may then write 
«їні 
sincei:i--1 
Then if we are given any negative number, we may find its square root in terms of i. Thus, 
Ү-9-19/-1-3 

Any multiple of i, such as 3i, - 2i, and so forth, is called an imaginary number. The sum of a real number 
and an imaginary number, such as 2 + 3i, 15 called a complex number. Any complex number may be written in 
the form a + bi, where a and b are real numbers. 
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The sum of two complex numbers is defined as the sums of their real and complex parts. Thus, 
DEFINITION: 
(ат + Бай) + (a> + b> i) = (a4 + a>) + (b4 + бо) 
The product of two complex numbers is found by using the distributive law. Thus, 
(81 + Буй) - (82 + bol) = 8182 + ацбаї + aobii + Ы, 
= (a,a, - b,b,) + (a,b,) + (a; b)i 
It is not necessary to remember this formula; in any actual problem, the work is performed simply as though 
two binomials were being multiplied together, and terms are then collected. 
Example 1: Multiply (2 + 3i) by (- 4 + i). 
SOLUTION: 
(2*3)-(-4*4) =- 8 + 2i - 12/4 32 
=(-8-3)+(2-12)i 
--11-10і 
As in the case of real numbers, subtraction is defined as the inverse of addition, and division is defined as 
the inverse of multiplication. Thus, 


DEFINITION: 
(81 + δη) - (a> + Бої) 
= (a, + b,i) + [ -(a, + b;i)] 
=a,+b,i-a,-b,i 
= (a, - a,) + (b, - b,)i 
Similarly, 
DEFINITION: 


1 

(a, + bii) + (a; + bji) = (a, + δι)" “ + 5) 

The actual "mechanics" of division of complex numbers will be dealt with later. 

Two complex numbers are equal if, and only if, their real parts are equal and their imaginary parts are 
equal. Thus, if a + bi = c + di, then a = c and b = d. 

A complex number equals zero if, and only if, both its real part and its imaginary part equal zero. Thus, if 
a+bi=0,thena =0andb = 0. 

The complex numbers are not "ordered." It is not correct to say that one complex number is greater than 
another complex number. 
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7.8 THE COMPLEX NUMBER SYSTEM 


Both the real numbers and the imaginary numbers are proper subsets of the set of all complex numbers. 
The extension of the number system to embrace the, complex numbers is the final extension necessary for the 
purposes of elementary algebra. It may be shown that any complex number has an nth root which is itself a 
complex number. The set of complex numbers, which includes the real numbers, is thus "closed" with respect 
to the operation of root taking, and the final defect, as far as the elementary operations are concerned, is thus 
removed. 


Not only does every complex number have a complex nth root, but the following extremely important and 
basic theorem may be shown to be true: 


THEOREM 7.8.1: Every complex number has n distinct nth roots. 
In this theorem, the word "distinct" means "different from the other nth roots of this number." 


The proof of this theorem is outside the scope of this book. The process of finding the n distinct nth roots 
of a complex number is covered by a famous theorem, known as DeMoivre's theorem, but this requires the 
use of trigonometry, and will not be considered here. Certain special cases will, however, be dealt with later. 


We may always verify that a given complex number is the nth root of another given complex number, by 
the simple process of multiplication. 


Example 1: Verify that \-2+21=1+1. 


SOLUTION: 
(1+) = (1+0) (1 4)°(1 +i] 
-(141)|14141-1| 
= (1+1) (20 
=-2 +21 


:14154/-2421 
EXERCISE 7.3 


Express the following complex numbers in terms of i. Simplify as much as possible. 


Example 1: 4-7 
SOLUTION: 
М7 = 
Ехатріе 2: 4 - A -12 
SOLUTION: 
4-4 -1224-42i24 - 2 4[3i 
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КЕРІ 2.4 - 25 


3.4/-5 4.4] - 18 

5.4 -50 6.1 +\/[-1 

поза 8.3 +/-18 
9,-5-24/-8 10.3-5\/-7 

Add and subtract the following complex numbers as indicated. 
11. (2 * 3i) + (1 - i) 12. (4 - i) + (2+0 
13.(-2- i) + (2- i) 14. (17 - 50 * (- 3- i) 
15.(12*4 i) * (- 10 - i) 16. (3-1) - (1+0 

17. (14 - 2i) - (7 - i) 18.(-4* i) - (4 + i) 
19. (10 + 3i) - ( - 10 - 40 20. (11 - 11i) -(- 11 - 11i) 
Multiply the following complex numbers together. 

21. (1 -- ἢ : (1 + 20 22.(3-ῃ ·: (2+0 

23. (5 + 2i) · (2 - i) 24.(1-1)-(1-0) 

25. (5 - 2i) : (5 + 2i) 26. (3 + 2i) · (3 - 2i) 
27. (1 + 2i) - (1 + 3i) 28.(-2-*i):(-2-i) 
29.(-5+7i):(-5-7i) 30. (4 + 3i) · (1 - i) 
Verify the following. 

31.N -2i-1-i 32.43-4i-22*i 

33. -7 + 24i 2 3 + 41 34.N 5 - 12i= 3 - 2i 
35.N 45 - 28i = 7 - 2i 36. 120 + 221= 11 +1 
37. -11-2i-1* 2i 38.4/2-111-2-1 
39.41-4-141 40.5/-4ж4і-1-і 


7.9 MANIPULATION OF RADICALS БҮ MEANS OF FRACTIONAL EXPONENTS 


The use of fractional exponents makes it possible to change the form of radicals quickly and easily. Such 
changes, which are often necessary or desirable for purposes of algebraic manipulation, include the following: 


1. changing the index of a radical 

2. introduction of factors under the radical sign 

3. removal of factors from a radical 

4. reduction of a radical to simplest form 

5. rationalizing the denominator of a radical. 

Each of these procedures will be illustrated by means of appropriate examples. 


Example 1: Rewrite з as a radical of index 6. 
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SOLUTION: 
3 = 312 = 336 = (33y1/6 = 5/33 = S27 
. 10 8 | 
Example 2: Rewrite Ν 16 as a radical of lowest possible order. 
SOLUTION: 
1°Г16= У 24 = 24/10 = 22/5 = (22)15 = 5/4 
Example 3: Rewrite 45 апд NE, as radicals of the same order. 
SOLUTION: 4/5 = 51/2 and NE, = 71/3, The least common multiple of 2 and 3 is 6. We, therefore, write 51/2 = 
53/6 = 6,125, and 71/3 = 72/6 = Ν 49, which are of the same order. 
Example 4: Rewrite М 5a2b3 and | 8asb as radicals of the same order. 
SOLUTION: N 5a2b3 = (5a2b3)1/4, and EN 805 = (8a5b)1/10, The least common multiple of 4 and 10 is 20. We 


therefore write (5a2b3)1/ = (5a2b3)5/ = [(Sa2b3)3]1/20 = X| Бзапоріз = “\/3125а1015 , and (8a5b5)1/1 = (8a5b3)2/20 
= [(8a5b)2]1/20 = X| 8га1оБ2 = ^f 64a1ps. 


Example 5: Rewrite 23 as a radical in which the coefficient outside the radical is 1. 
SOLUTION: 


21/3 = 2(3)1/3 = 233. 31/3 (23. 31)1/3 = (24)1/3 = 1/24 
Example 6: Rewrite 1243 барг as a radical in which the coefficient outside the radical is 2a. 
SOLUTION: 
12433 бар? = 2a - 6a2(6ab2)1/5 
= 2a(6a?)5/5(6ab2)1/5 = 2a[(6a2)5 - (6ab2)]*/5 
= 2а(65-а19.6-а.Р2 М5 
= 2a[6%a11b2]1/5 


= 2а\{ 46,656a"b? 


Example 7: Remove all possible factors from under the radical sign in 


А | 256х*ув6 
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SOLUTION: 


ЗГ256х4у8:6 = (44х5у826)13 = 44/3y4/3y8/376/3 
= 41+ (1/3) «х14(1/3) + y2+ (2/3) - 22 
2443-х X1/3 + y2 + y2/3- 72 
=4: x: y2: Z2. 41/3. x. y2/3 


= 4xy2z2(4xy2)1/3 = Аху? | Axy? 

The technique exhibited in Example 7 is seen to consist of (1) writing the radical in terms of fractional 
exponents, (2) writing any exponent which is an improper fraction (that is, a fraction in which the numerator 
is greater than or equal to the denominator) as the sum of an integer and a proper fraction, (3) grouping the 
terms with integral exponents in one group and the terms with fractional exponents in another group, and (4) 
rewriting the terms with fractional exponents as a radical. 


When all possible factors have been brought out from under the radical sign, as in Example 7, and the 
resultant radical, if any, rewritten as a radical of lowest possible order, the result is said to be a radical reduced 
to simplest form. 


Example 8: Reduce to simplest form М 64а19р2, 
SOLUTION: 


2 Гбда10р2 = (26а1062)1/4 = 26/4 . a10/14 . р2/4 
= 2+1+(2/4) . (2 + (2/4) . р2/4 = 2 · q2 · 22/4 . (02/4. D2/4 
= 22. 21/2. (1/2. 1/2 = 2a2(2ab)1/2 = 2q2./ 2ab 
In the case of radicals in which the radicand is a fraction, it is often desirable to rewrite the radical as a 


fraction in which the only radical which occurs is in the numerator. This process is called rationalizing the 
denominator. Normally, the result is reduced to simplest form. 


Example 9: Rationalize the denominator of М 5b/2a2. 
SOLUTION: By the fifth law of exponents, 


з Гвь δρ (505 513513 
282 3 Б (2a2)1/3 7 21/32213 
N2a? 


Now in order to free the denominator of terms with fractional exponents, each term is multiplied by the term 
of lowest degree which will make its exponent an integer. Thus, 21/3 must be multiplied by 22/3, and а2/3 must 
be multiplied by a1 . Thus, 21/3. a2/3 · а2/3. q1/3 = 20/3 + (2/3) + 10/3) + (1/3) = 21+ (1 = 2a. To keep the value of the 
expression unchanged, the numerator must be multiplied by the same factors. The work is thus written 
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БЇЗ. р\3З 51/3. ІЗ 2213. атіз 
213. 2237213. 223 2213. 41/3 


22/3. 51/3. (1/3. 1/3 
> 2а 
“А| 205 
© 2a 
in which the denominator is rational. 
EXERCISE 7.4 
Rewrite the given radical as a radical of the new given order. 


1.5| 2; index 6 2.N 25; index 4 
3.4 3: index 8 4.4/3; index 9 
5.42: index 12 6. Зх; index 30 
7.9 49a? ; index 3 8. 25y' ; index 2 

6 12 
9.5| 8x3 ; index 2 10. А| 1648; index 3 


Rewrite the following radicals as radicals of the lowest possible order. 
11.48 12.25 
13. 1/16 14. γ81 


15. 64 16.4[ 125xs 

17. 64x 18. \/ 256a2b4 

19. 1/ 8хвув 20. ^| 81x8y6 

Rewrite the following radicals as radicals of the same order. 
21. 5 απά 4/7 22. 2 апа [2 

219 3 and 2 24. 2 апа | 7 

25. 4 and 8 26. 2x: and | 5x3 

27. Ν 7x5 and | 5y4 28. 2x and У Зу? 


29. «| x5, | 2y, апа 4/32 30. 2x2, | 4ab, and ψ 5ху? 


Rewrite the following radicals as radicals in which the coefficient outside the radical sign is 1. 


31.1/2 32.43 


33.45 34. 11 
35.3 2 36.5 
37.a-b[ 2a 38. 3x | 3xy 


39. 2425 2ab? 40. 5ху2234| х3у22 
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Reduce the following radicals to simplest form. 


41.98 42.9 125 
43.24 44.Ν 243 

45. 64 46.^| 16х* 
47.9 243xsys 48. ^| 64xsye 
49. ^| 256хвуто 50. 6561х14220 


Rationalize the denominators of the following radicals. 


ZEE 52. , V (4, 7) 


1 д 


4 
Y Ë 
3x 
59. «ра 60. dE 
7b? 5c? 
7.10 MULTIPLICATION OF RADICALS 
The fourth law of exponents makes it possible to multiply radicals of the same order. Thus, 
а : NI = Ча-ь (fourth law ої exponents) 
The resulting expressions are then, ordinarily, reduced to simplest form. 


Example 1: Find Y арг · N 12asb2 and reduce to simplest form. 
SOLUTION: 


N|. 
σι 
Ο) 

a 


55. 


3 3 3 
У ab? - Ν 124502 = (2802) - (12a5b2) 


=] 24aeb^ = | 23.3.6. р 
= 24254 3b 


Because of the convention that Ха shall always be taken as positive when а is positive апа п is even, the 
mechanical application of the fourth law of exponents can lead to an incorrect result when n = 2 and both a 
and b represent negative numbers. This case requires special treatment, as shown in the following example, 


Example 2: Find 4-2 . A - 6. 
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SOLUTION: The mechanical application of the fourth law of exponents here would yield 
4-2-4-6-4((-2)-(-6)-4(12-4/3:22- 3 


This answer is not correct. The correct approach to this problem consists in first expressing - 2 and y - 6 
іп terms of i as follows: 


4-3-4-8-42-46/-42-46-8-4(18(-1)--412--4(3 
We therefore have the following rule: 


When multiplying together two or more square roots of negative quantities, express each of these first in 
terms of i, before performing the actual multiplication. 


The cases involving the multiplication of even-ordered radicals where the index is greater than 2 involve 
DeMoivre's theorem and will not be considered here. 


When multiplying together two radicals of (the same) odd order, no precautions are necessary. Thus, М - 8 


E -27-2(-2):(-3) = 6,апа N - 8:N -27 =) (- 8). (- 27) =\ 216 = 6, and either procedure yields the same 


result. 


When multiplying together two radicals of different order, the fourth law of exponents does not apply. It 
is first necessary to rewrite the two radicals as radicals of the same order, as shown in Examples 3 and 4 in 
Section 7.9. The fourth law of exponents will then apply, and the work can proceed as above. 


Example 3: Find 42 . ΝΑ. 
3 . 1 2. 
SOLUTION: 42 = 21/2 and 1/4 = (22)1/3 = 21/3, The least common denominator οἱ” and 3 is 6. We, therefore, 
write 


21/2. 91/3 = 23/6. 94/6 = (23 1 24)1/6 = б/ 27 = 25[2 


(There is an alternative method available here: Since the base of both exponents is the same, we can use 
the first law of exponents and write 


21/2 . 91/3 = 9(1/2) + (2/3) = 2716 = 2 . 21/6 = Š[ 27 = 25/2 


It should be noted strongly that this latter alternative is only available when the base of both exponents is 
the same.) 


Example 4: Find ψ 9a2b - | 18азЬз, 
SOLUTION: 


: 982) = (32- a? - bis = 32/3. q2/5 . руз 


Al 18азрз = (2 .33.а3: рзума = 21/4. 32/4. (3/4. b3/4 
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| 1 1. : 
The least common denominator of 3 and 1 is 12. We write 


(32a2b)1/3 . (2 - 32. a3b3)1/4 = 38/12. q8/12b4/12 . 23/12. 36/12. (19/12. 59/12 
= 23/12. 314/12. (117/12. 13/12 
= 23/2 31 + (2/12) (1 + (5/122) . þ1 + (1/12) 
-3.а-р- 23/12. 32/12. (5/12. ра/12 


= Зар 4| 72asb 
DIVISION OF RADICALS 


The fifth law of exponents enables us to divide two radicals of the same order. Thus, 


n 

Ма = Ч а (fifth law of exponents) 

ΝΡ 

Precautions must be taken here, as in multiplication, when n = 2, and when one or the other of the 

radicands is negative. As in the case of multiplication, however, correct results are always obtained by first 
expressing the radicals in terms of i. As with multiplication, the case where one or both of the radicands is 
negative, and where n is even and greater than 2, will not be considered here. When both radicals are of the 
same order, and n is odd, no difficulties are encountered. As in multiplication, when radicals of different order 
are to be divided, they must first be changed to radicals of the same order before the fifth law of exponents 
applies. 


Example 1: Find \/ 10 / 4 2. 
SOLUTION: 


Example 2: Find | - 51 / | 3. 


SOLUTION: 
3 
V3 


Example 3: Find J - 125 / J - 5. 


- 125 125i 125 i 
Li LBS. ЕТІ 24/25 25 
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Example 4: Find - 27 / / 3. 


SOLUTION: 


Example 5: Find 4/27 /, ψ-3. 
SOLUTION: 


A rule could easily be stated covering the three cases illustrated in Examples 3, 4, and 5, but the simplest 
rule, covering not only these cases but all cases arising in multiplication of radicals as well is the following: 
Whenever dealing with the square roots of negative quantities, always rewrite these radicals first in terms of i. 


This rule is foolproof and completely general. On occasion, it involves a slight amount of unnecessary 
labor, but this is a small price to pay for avoiding all mistakes. 
EXERCISE 7.5 

Multiply the following radicals together, and reduce the answer to simplest form. (Make sure the radicals 
are of the same degree before performing the multiplication.) 


1./6-/8 2.4/15-/30 
3.16 -/12 4.\/ 48+ 162 
543-112 ЖЕГЕ 

7.N -8-4-6 8.4/-35-14/-14 
9.4/-10-4/-20 10.4[ - 27 -A[ - 45 
11.98: 20 12.418: 54 
13.27 - 48 14. [16 - 486 
15.4 12ab3 - | 24asb 16. | 16x1y* - | 28xy2 
ДЕТІ r 18.\[18Бс. Паро 
19. - бху -N| - 24x3y 20.4 - 18a 4| 22b?c 


Divide the following radicals and rationalize the denominator of the quotient. 


21.43 «45 22.448 «A6 
23.81 «6 24.250 + [18 


25.4/-10-4/-15 26.54|-30 -4/-14 
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27.4[-20 +315 28.4 - 242 «4| 11 

29.\/ 40 +3] -12 30. 98 +4 -6 

31. 8425 + 10ab 32.4/35ху + | 14ху? 

33. 3ab? + [6ab 34. 20х22 + \ 5xz 

35.4/ Аагіз + \] бар 36./агр + 2ab 

37. 120y4z2 + "| 10yzz 38.\/ 8xz3 + ψ 225 

39. 20r2s2 + М 51558 40. 10pq «^| 5pq 
7.12 MANIPULATION OF EXPRESSIONS INVOLVING 


THE ALGEBRAIC SUM OF TWO OR MORE RADICALS 


In expressions involving the algebraic sum of two or more radicals, the invariable first step should 
consists of reducing these radicals to simplest form. In the first place, it is sometimes found that the radicals 
may then actually be added to obtain a single term, as was shown in Section 7.5, Example 7. In the second 
place, even when this is not possible, it considerably simplifies all subsequent work. 


The product of two expressions, one or both of which consists of the sum of two or more radicals, is found 
using the distributive law. 


Example 1: Find 42 ЧЕ + NES) 
SOLUTION: 
2/2(/3-/5-/2-/3»/2-Х5 
= 21/2. 31/3 + 21/2. 51/4 
= 23/6. 32/6 + 21/4. 51/4 
= (23 . 32}1/6 + (22 . 51)1/4 
Both these radicals аге іп simplest form. 
Example 2: Find (\/ 8 & 3/75): (N 18 -\/ 24). 
SOLUTION: 
(V8 +75) (18 -V 24) = (2/2 + 53): (BV 2-2ν 6) 
= 6.2-4\[ 12 + 15\/ 6- 104/18 
= 12 -8\/ 3 + 15\/ 6 - 30\/ 2 


The radicals are in simplest form. 


Given any expression of the form a + b, the expression a - b is called its conjugate. Obviously, if a - b is the 
conjugate of a + b, it follows that a + b is the conjugate of a - b. 
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Since (a + b) · (a - b) 2a? - b2, multiplying an expression consisting of the sum of two second-order radicals 
by its yields an expression free of radicals. Thus, suppose a = р and b = γα. Then (а + b): (a - b) = (Vp + 


Ма р-у) = (py-Nay. 
Example 3: (4/3 + 3/2): (i 3-4/2 )=3-2=1. 

Given a fraction where the denominator consists of the algebraic sum of two second-degree radicals, the 
denominator may be "rationalized" (that is, freed of radicals) by multiplying both numerator and denominator 
of the fraction by the conjugate of the denominator. 

Example 4: Rationalize the denominator of (/ 5 + 43 УСІ 5 - 1/3). 
SOLUTION: 


ΕΕ 45443 5/3 
45-48 7/5-/3 (5448 


54-245:1343 8+2y 15 


The technique works equally well when only one second-degree radical is present in the denominator. 
Example 5: Rationalize the denominator of (N 7) + 21/3) / (2 -\[ 5) 


SOLUTION: 
A7 243 V7+2/3 25445 
2-5 2-5 2+ 5 
24/7-4/7.4/5-44/3-24/3.4/5 
ü 4-5 
_2ү7 + 35 + 43/3 + 214115 
Е - 1 


=-4 3 -2ν 7 - 2415 -35 
where the radicals һауе been arranged in increasing value. 


The square of an expression consisting of the sum of two second-degree radicals will contain only one 
radical. Thus, 


(να τν ήτο + 2а Vb+ N by 
=a +b +2 ab 


This fact may be made use of to rationalize a denominator consisting of the sum of three second-degree 
radicals. The work is performed in two steps. 
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Example 6: Rationalize the denominator οί 2 /( 43 * 4/5 - 4/7). 
SOLUTION: 


ον NN 
Үз+}үв-ү? "но 


1/2 (3*5) +37 
“(/344/5)-47 (N3«d5)«v7 
2:[(N 3*N 5) *N 7] 
(N3«N5y-( 7)? 
6+4 10+ 14 _ 6+4 10+414 


ШЕТЕЛ ЕТСЕ JENS 
We now rationalize the denominator of this new fraction: 


Ү6»1/10-(/14 Ү6»:/10%:/14 1-2Y15 
1429415 12415 1-24/15 


6-4/10-4/14-24/90-24/150-24/210 


i 1-5-15 
_V6+V 10 + ү 14 - 6ү 10 - 10ү 6 - 2ν 210 
i - 59 

6 + 5ү 10-4 14 - 23, 210 


59 

This technique may be extended to cover denominators consisting of the sum of more than three second- 
degree radicals, but the work becomes quite complicated. 
7.13 DIVISION OF COMPLEX NUMBERS 


The concept of the conjugate of an expression applies also to complex numbers. Thus. given any complex 
number a + bi, the complex number a - bi is called its conjugate. It is clear that the conjugate of a - bi is a + bi. 
Real numbers are their own conjugates: Since any real number тау be written as a + 0 · i = а, its conjugate 
would be a - 0 · i = а, and hence any real number is its own conjugate. 


The product of a complex number and its conjugate is a real number. 
(a + bi) (а - bi) = а? - abi + abi - (bi)? 
= q2 - b2j2 
= 22 -b2 (- 1) = a? + рг 
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1 а асом = a. This kind of reasoning is totally superfluous, not to mention invalid. 


This result shows us that the sum of two squares can be factored, but only at the price of introducing 
imaginary coefficients in the factors. In general, this is not desirable, but may be quite useful on occasion. Thus, 
16x? + 9у? = (4х + Зу?) - (4х - Зу?) 

The use of conjugates enables us to find the quotient of two complex numbers, by a process analogous to 
that of rationalizing the denominator of a fraction when this denominator contains second-degree radicals. 

Example 1: Divide 2 - 3i by 1 + 2i. 

SOLUTION: 


1-3/ 
1 * 2i 


(2 - 31) + (1 + 20) = 


2-31 1-21 2-41-31-6 


"44211217 423292 
Ed M M 
а: Ср СЕТ, 


EXERCISE 7.6 
Perform the indicated multiplications, and express your answer in simplest form. 
1.2: (V3 +45) 2.7 «(V 5-2 14) 
3. (1 +48) + (2-12) 4. (3 -2N5) - (4 -N 5) 
5. (2 + 343): (95 -V 3) 6. (2N 5 +7) - (N 10 - 2) 
7.(18-24/5)-(/244/10)  &(/3«2Y7)-( 6*7) 
9.(2-/5--/8)-(/3-4/10%:/12) 
10./3-1/7»2//8)-(/2»:/6-1/10) 
Rationalize the denominators of the given factions. Reduce all radicals іп the numerator to simplest form. 
ча УЗ+?У5 122 8-4/5 

ИЕ г КЕ 
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1442 4 -ν 3 
Аве 20-03 87 


Perform the following division by complex numbers. 


21. (2) + (1+0 22. (5) + (2-0 

23. (i) + (1 - i) 24. (- 7i) + (3 + 2i) 
25. (1 i) + (1 + 20 26. (1 - i) + (2 - i) 
27. (2 - 3i) + (3 - 2i) 28. (5 + 2i) + (7 - 2i) 
29. (3 + 4i) + (1 - 3i) 30. (2 + 7i) + (4 - i) 


7.14 SCIENTIFIC NOTATION 


An important application of exponents is made in a system of expressing numbers which is known as 
scientific notation. In this method of representation, any number is written as the product of a number 
between one and ten, multiplied by some integer power of 10. The following examples illustrate Be method 


Decimal Notation Scientific Notation 
2472,851,000 2.472851х109 


35,000 3.5 x 104 
16.42 1.642 x 10 
2.51 2.51 

0.71 7.1x 10 
0.00052 5.2x 10-4 


0.00000081 8.1x 10-7 


Scientific notation has numerous advantages in scientific and engineering work. In the first place, when 
very large or very small numbers are to be written, scientific notation is usually much more compact than 
ordinary decimal representation, and also much easier to read. Thus for example, the number 
47,200,000,000,000,000 is both space-consuming and difficult to gasp accurately, whereas 4.72 x 1015 is much 
less unwieldy. Similarly, the number 0.000,000,000,000,000,0015, written in scientific notation, becomes 1.5 
х 1048, with a substantial gain in both compactness and clarity. 


Scientific notation is of great assistance in dealing with logarithms, as will be seen later. It is of substantial 
aid in performing computations involving very large and/or very small numbers. 
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Scientific notation is based on the following table: 


Powers of 10 Decimal Notation Intermediate Value 
106 1,000,000 5,500,000 = 5,5 x 106 
105 100,000 550,000 = 5.5 x 105 
104 10,000 55,000 = 5.5 x 104 
103 1,000 5,500 2 5.5 x 10? 
102 100 550 = 5.5 x 102 
101 10 55=5.5x 10! 
100 1 5.5=5.5 x 100 
10-1 0.1 0,55-5.5х10-1 
102 0.01 0.055255 х10-2 
103 0.001 0.005,5=5.5х10-3 
10-4 0.000,1 0.000,55 «5.5 х10-4 
105 0.000,01 0.000,055 = 5.5х 10 - 5 


From this table we easily verify the following rule: 


To write a given number їп а scientific notation, move the decimal point to the right of the left-most non zero 
digit of the given number. Count the digits between the original decimal point and the new decimal point; this is 
the power of 10 required. If the new decimal point is to the left of the original decimal point, this power is positive; 
if the new decimal point is to the right of the original decimal point, this power is negative. 


Usually, in expressing a number in scientific notation, 10! is written simply as 10, and 10° is omitted 
entirely. 

To rewrite a number in ordinary decimal notation, when we are given its scientific notation 
representation, we proceed as follows, as we verify easily from the foregoing table: 


To change a given number from scientific notation to ordinary decimal notation, move the decimal point as 
many digits to the right as the power of ten, if this is positive, or to the left as the power of 10, if this is negative. 
Supply zeros to make up the required number of places, if necessary. 


The following examples illustrate the method and its application. 
Example 1: Change 3,412.016 to scientific notation. 
3.412.016 
Lou 
new original 
decimal decimal 
point point 
116 EXPONENTS, ROOTS, AND RADICALS 


There are three digits between, the original decimal point and the new decimal point, and the new decimal 
point is to the left of the original point. The required power of 10 is, therefore, +3. 
2. 3 412.016 = 3.412016 x 103 
Example 2: Rewrite 0.000123 in scientific notation. 
SOLUTION: 
0.0001.23 
Tm 
original new 
decimal decimal 
point point 
Four digits lie between the original and the new decimal points, and the new decimal point is to the right 


of the original decimal point. 
2. 0.000123 = 1.23 x10 -4 


Example 3: Rewrite 3.16 x 105 in decimal notation. 


SOLUTION: 
5 digits to the right, supplying 3 zeros 
3.16000. 
Ї 7 


original new 
decimal decimal 
point point 
2.3.16 х 10 5 = 316,000 
Example 4: Rewrite 7.326 x 10 -2 in decimal notation. 
SOLUTION: two digits to the left, supplying 1 zero 
—— 
0.07.326 
η 
new original 
decimal decimal 
point point 
Example 5: Compute (37.1 x 0.0562)/10,568, using scientific notation. Give your answer in both ordinary 
and scientific notation. 
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SOLUTION: In scientific notation, 
37.1 х 0.0562 _ 3.71 x 10 x 5.62 x 1022 


10,568 1.0568 x 104 
_3.71x562 10x 102 БЕТИНЕ 
1.0568 106 ΓΘ 


= 1.973 x 10-4, in scientific notation. 
In ordinary notation, 
1.973 x 10-4 = 0.0001973 
EXERCISE 7.7 
Write the following numbers in scientific notation. 


1. 741.83 2.0.00216 

3. 58,431.7 4. 985,700,000 

5. 0.000007162 6. 143,210,000,000,000 
7. 0.000,000,003,126 8. 4.173 

9. 0.112 10. 0.0022731 
Rewrite the following in ordinary decimal notation. 
11. 2.641 x 103 12. 1.5556 x 10-7 
13.8.92 x 108 14.4.6127 x 10-5 
15.9.99912 x 104 16. 6.7 x 10? 
17.8.001 x 104 18. 1.12x 10 

19. 4.07 20. 3.415 x 10? 
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